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of gravity. The main distinction of this work compared to previous
studies is the absence of any (regularizing) viscosity contribution added
to the fluid-dynamics equations; only thickness diffusivity effects are
considered. Motivated by applications to oceanography, the diffusivity
effects in this work arise from an additional advection term, the specific 2020 MATHEMATICS
form of which was proposed by Gent and McWilliams in the 1990s to SUBJECT CLASSIFICATION
model the effective contributions of geostrophic eddy correlations in ~ 35Q35;76B03; 76B70;
non-eddy-resolving systems. The results of this paper heavily rely on the 76M43; 76U60; 86A05
assumption of stable stratification. We establish the well-posedness of

the hydrostatic equations and the original (non-hydrostatic) equations

for stably stratified fluids, along with their convergence in the limit

of vanishing shallow-water parameter. These results are obtained in

high but finite Sobolev regularity and carefully account for the various

parameters involved. A key element of our analysis is the reformulation

of the systems using isopycnal coordinates, enabling us to provide

meticulous energy estimates that are not readily apparent in the original

Eulerian coordinate system.
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1. Introduction

The following system describes the evolution of heterogeneous incompressible flows under
the influence of gravity,
0tp + (U + ) - Vep + (W + w90 = 0,
p(0ru + ((u+w) - Vu + (w+ w,)d.u) + VP =0,
p(atw +(u+u) Vow+ (w+ w,,)azw) +9,P+gp=0,
Vi -u+d,w=0, (1.1)
Pl,—¢ — Paym =0,
08 + (U + t)le=¢ - Vxl — W+ W)= =0,
Wlz=—Hm = 0.
Here, t and (x,z) are the time, and horizontal-vertical space variables, and we denote by

Vx> Vi, Ay the gradient, divergence and Laplacian with respect to x. The vector field (u, w) €
R? x R is the (horizontal and vertical) velocity, p > 0 is the density, P € R is the
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incompressible pressure, all being defined in the spatial domain
Q={xz2:xeR —H<z<(tx)

where £ (¢, x) describes the location of a free surface, and H is the depth of the layer at rest.
The gravity field is assumed to be constant and vertical, and g > 0 is the gravity acceleration
constant. Finally, the advection terms associated with the “bolus velocity” (u,, w,) € RY x R
were proposed by Gent and McWilliams [1]. These terms are introduced to account for the
contribution of geostrophic eddy correlations to the effective transport velocities in non-
eddy-resolving (large-scale) models. Their specific forms in the simplest case of constant
diffusivity parameter « read as follows

V. V.
u*=/c82( xp) , w,,:—:ch-( x,0> , Kk >0. (1.2)
9zp 0zp
Discarding the effective advection terms (i.e. setting k = 0), one recovers the Euler

equations for heterogeneous incompressible fluids under the influence of vertical gravity
forces, where the last two lines of (1.1) model the kinematic equation at the free surface and
the impermeability condition of the rigid bottom respectively.

In (1.1), the pressure P can be recovered from its (atmospheric) value at the surface, Py,
by solving the elliptic boundary-value problem induced by the incompressibility constraint
of divergence-free velocity fields. Yet in the shallow-water regime, where the horizontal scale
of the perturbation is large compared with the depth of the layer H, formal computations
(see below) suggest that vertical accelerations can be neglected and that the pressure P
approximately satisfies the hydrostatic balance law, that is

9, P+gp=0. (1.3)

Replacing the equation for the vertical velocity in (1.1) by the identity in (1.3) yields the
so-called hydrostatic equations:

0p + (w+uy) - Vep + (W~ we)dzp =0,
p (B + ((u+ ) - V)u+ (W + w,)d.u) + VxP =0,

0t + (U + ) |=¢ - Vxl — (W+ W) |;=¢ =0,
¢ (1.4)
P = Pyim +g/ P(Z/,') dz,
z

z
w=— / Ve-u(Z,-)dz.
-H

Our aim in this work is to rigorously justify the hydrostatic equations (1.4) as an asymptotic
model for the non-hydrostatic equations (1.1)-(1.2) in the shallow-water regime, for regular
and stably stratified flows.

1.1. The “bolus” velocities in geophysical flows

Let us now delve into the physical motivation behind introducing additional transport veloc-
ities, u, and w,, defined in (1.2), into the systems of equations (1.1) and (1.4). As mentioned
earlier, these “bolus” velocities serve as modifications to the standard incompressible Euler
equations, whether with or without the hydrostatic assumption, derived from fundamental
principles of fluid mechanics. In this regard, they play a role analogous to the viscosity
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contributions in the Navier-Stokes equations. Concerning the latter, it is worth pointing out
that in theoretical and laboratory studies on density-stratified geophysical flows, viscosity
effects do not model molecular viscosity but rather “turbulent” or “eddy” viscosities. It is
important to mention that in the shallow-water regime, where horizontal scales are larger than
vertical scales, the non-dimensionalization of standard molecular viscosity contributions
results in anisotropic viscosity terms that are predominant in the vertical direction. In
contrast, turbulent viscosity is widely reported to be predominant in the horizontal (or more
precisely isopycnal) direction; see, for example, [2, Section 17.6]. In this work, we choose to
neglect viscosity effects entirely and instead focus on eddy-induced diffusivity.

The deterministic modeling of effective diffusivity induced by eddy correlation that we
adopt in this work takes its roots in the 1990s and is due to Gent & McWilliams [1], see
also [3, 4]. Motivated by the need to model the averaged dissipative effects of mesoscale
eddies, which were not computationally feasible to resolve at that time, on the large-scale flow
at the macroscopic level, they consider unknowns (p, #, w) as the large-scale components
of the density and velocity field, respectively. The approach involves introducing suitable
correctors to the mass conservation equation and equations for tracers (such as salinity and
temperature). Specifically, they suggest incorporating bolus velocity fields u, and w,, defined
in (1.2). Adding the bolus velocity contribution in the momentum conservation equation
was suggested in [4, 5] as well.! One of the main ingredient leading to the specific form of
the bolus velocity fields is that the averaged dissipative effect of mesoscale eddies should
act predominantly along isopycnals sheets (that is along and not across surfaces of equal
densities). It should be mentioned that the Gent & McWilliams eddy-induced advection is
only part of the subgridscale parametrization of mesoscale eddies used in global ocean general
circulation models, which also include Redi’s eddy-induced diffusion [6]. Specifically, the
equations for tracers including the so-called Gent-McWilliams-Redi eddy parameterization
read (see [7] and references therein)

0;:C+ (U3 -V3)C=Vj3- (KRV3C) + V3 - (KGMV3C), (1.5)

where C is a tracer (typically the temperature 6 and the salinity S), U3 := (u, w) denotes the
three-dimensional velocity field, and V3 the three-dimensional gradient. Above, we define Kr
and Kgm by

2 2
ot (B Y (5
=—| - 1 + — -
RE T | T M v e (e Y
Ly Ly |L| —-Ly —-L, 1
0 0 -—L,
Kecm:=x]0 0 —L),
Ly L, 0
where we used the notation L := (Ly,L,) = %, and the non-negative constants Kj

and Kp are the isoneutral and dianeutral diffusivity coeflicients. Notice that the tensor Kr
is symmetric, while the tensor Kgum is skew-symmetric, so that the dissipative effect due to

'Let us point out that our analysis would hold (and would in fact be simpler) without the contributions u, and w; in
the evolution equations for the velocity. We add these terms because we believe they are important from a modeling
point of view, and would play a crucial role in a refined analysis of the large-time behavior and/or less regular (weak)
solutions.
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Gent & McWilliams eddy-advection is not obvious. In fact, there has been some debate about
the adiabatic nature of the Gent & McWilliams parametrization [8]. As it is evident from the
formulation of the equations in isopycnal coordinates (see (1.8)), the Gent & McWilliams
eddy-induced advection terms introduce a diffusive contribution to the thickness variable.
This is why the parameter « is often referred to as the thickness diffusivity parameter.

Another important aspect is that, when applied to the density variable, the isoneutral
contribution of Redis eddy-induced diffusion vanishes exactly, while the dianeutral con-
tribution becomes an isotropic three-dimensional Laplacian, and the Gent & McWilliams
contribution can be interpreted as advection. Consequently, in situations where the equation
of state p = p(0,S) is a linear combination of the tracers (with equal diffusivity parameters
for all tracers), the equations (1.5) yield

9o+ (U3 - V3)p + (U3 - V3)p = KpAsp,

where we denote U} := (u*, w*) defined in (1.2). Since the dianeutral diffusivity coefficient
is typically set much smaller than the isoneutral diffusivity coefficient, 0 < Kp < K, it
makes sense to neglect the right-hand side of the above equation. This results in the mass
conservation equations in (1.1) and (1.4).

Let us emphasize that our framework leaves aside many important ingredients which are
usually considered in the so-called primitive equations modeling large-scale flows (see e.g.
[2]), and which are in fact responsible for the emergence of mesoscale eddies that led to
the Gent-McWilliams-Redi eddy parametrization: typically the rotational effects, vertical
boundaries, bathymetry and nonlinear equation of state. As such neither the non-hydrostatic
system (1.1) nor the hydrostatic system (1.4) can be considered as relevant global ocean
models. This work is motivated by studying on a theoretical grounds the interplay between
(stable) stratification, hydrostatic (shallow water) limits, and the eddy-induced thickness
diffusivity contributions. Many of these aforementioned constituents which are essential to
modeling aspects are not necessarily important in the mathematical analysis, and could be
easily incorporated in our study at the price of blurring the main mechanisms that we would
like to pinpoint, while interesting singular limits (geostrophic balance, boundary layers, etc.)
would of course require and deserve a specific treatment.

Let us finally mention that there exists a huge mathematical literature dedicated to the
investigation of fluid-dynamics equations in the probabilistic setting, where the cumulative
effect of mesoscale eddies on the large-scale flow is modeled by means of suitable (additive or
multiplicative) noises. For that context, we refer to [9-12], while our setting will be completely
deterministic.

1.2. Two-velocity hydrodynamics in other contexts

Interestingly, equations involving two distinct velocities have been proposed and studied
independently, in different contexts. We refer, for instance, to a series of works initiated by
Brenner in [13, 14] (see also [15]) on compressible barotropic flows, which are described by
the following equations:

0t0 + Vy - (ou) = Vi - (kVx0),

(1.6)
(0w + div (ou ® (u — k- 52)) + Vip = div S(Vsm),
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where the convention for the divergence divy is such that divy(u®@v) = (v- Vy)u+ (Vi - v)u,
and S is the standard Newtonian viscous stress:

S(Viu) = (Vs + Vi) + A(Vy - w) 1d. (1.7)

Moreover, o (resp. u) represents the density (resp. velocity), and p = p(p) is the given pres-
sure function. The system (1.6) proposes additional diffusive contributions to the standard
barotropic Navier-Stokes equation. Remarkably, these additional terms bear a striking resem-
blance to the Gent & McWilliams “bolus velocity” advection when expressed in isopycnal
coordinates. Indeed, anticipating the derivation in Section 2.1, the hydrostatic system (1.4)
may be reformulated as

dh + Vi - (hu) = Vs - (kVih),

1.8
0 (hu) + divy (Qu Q (u— KVT"h)> + hVeyr = 0, (1.8)

where h represents the infinitesimal thickness of pycnoclines, and the explicit expression
of the Montgomery potential v is given below. Despite their apparent similarity, there are
important differences between (1.6) and (1.8), in addition from the obvious fact that the
viscous stress is discarded in the latter (u = A = 0). In (1.6), the space variable x is
typically three-dimensional, whereas in analogous situations, it is only two-dimensional in
(1.8). However, the variables & and u therein depend on an additional “density” variable,
which labels pycnoclines based on their vertical distribution. Importantly, the contribution
Y is not expressed as a function of h but rather as a linear operator within this infinite-
dimensional framework:
;
Y(t,x,r) =g [ min(l,7/r)h(t,x,r")dr. (1.9)
Po
In particular, a crucial difference between (1.6) and (1.8) is that, in the absence of any diffusive
and viscous effect (« = u = A = 0), the initial-value problem for (1.6) is locally-in-time well-
posed in Sobolev spaces H*(RY) when s > d/2 + 1 for initial data satisfying the non-vacuum
condition ¢ > ¢y > 0 and provided that the pressure function is sufficiently regular and
satisfies p’(0) > 0, while the well-posedness of the initial-value problem for (1.8) in finite-
regularity spaces is an open problem, as we discuss below.

Notwithstanding this fact we can remark that, from a mathematical point of view, the
diffusive contributions (¢ > 0) provide a very valuable regularization mechanism which
remedies issues encountered in the mathematical theory (in particular the global-in-time
existence of weak solutions) of the standard Navier-Stokes system, that is the absence of
uniform bounds on the density o, the possibility of the appearance of vacuum regions, and the
possible development of uncontrollable oscillations for the density due to the low regularity of
the velocity field; see [16, 17]. In fact, motivated by the construction of suitable regularizations
of the compressible Euler equations (in the baroclinic framework), Guermond and Popov
derived independently a generalization of (1.6) without invoking phenomenological assump-
tions [18].

Interestingly, systems similar to (1.6) arise also in relation with compressible barotropic
flows with degenerate viscosities (which coincides when p(p) p? with the viscous shallow
water equations advocated by Gent in [19] and derived from the Navier-Stokes equations
in [20-22], and to a variant of the Aw—-Rascle model for traffic flows studied in [23] in the
pressureless case; similar models also appear in quantum hydrodynamics, see [24]). Indeed,
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restricting to spatial dimension d = 1, discarding the Newtonian viscous stress (u = A = 0),
and denoting v =u — « ax?g) we find after straightforward computations that (1.6) reads

90 + 9x(ov) =0,
d:(ov) + ax(gvz) + Vip = 0x(k00xV).

In the above, the diffusive contributions act as a degenerate viscosity, in the sense that
the variable viscosity coefficient vanishes when the density ¢ vanishes. In their analysis of
such systems (and generalizations thereof), Bresch and Desjardins introduced the so-called
BD entropy in [25, 26]. In fact this BD entropy stems from a reformulation of systems of
the form (1.10) (in higher dimension) with viscous stresses as in (1.7) but with variable
coeflicients A(0) and p(p), under a form analogous to (1.6). This is made possible thanks
to a key cancellation when a special algebraic relation between A (o) and 1 (9) holds, namely
Ae) = 2(opt'(0) — 1(0)). The system (1.10) corresponds to the special case u(p) = %KQ
and A () = 0 initially considered in [27]. This discovery triggered a series of work, including
[28-31] (see also references therein) which address the global existence of weak solutions to
the barotropic Navier-Stokes equations with degenerate viscosities. In [30, 31], the authors
extend the BD entropy to a so-called x-entropy, considering the equation for the velocity

(1.10)

v+ e together with the equation for v (where & € (0,1) is a free parameter, which
is denoted « in [30]). This leads to an entropy depending on the parameter 6, where the
choice & = 0 corresponds to the standard energy associated with (1.10), the choice 8 = 1
corresponds to the BD entropy, while the choice § = 1/2 was considered in [32]. In all these
works, the crucial matter consists in exploiting some compactness on the density variable
o gained from the parabolic nature of the evolution equation for the density when written
with suitable modified velocities so as to prevent, in particular, the appearance of vacuum
regions. Let us clarify again that our analysis concerns local-in-time regular solutions, and
that for this matter the diffusivity-induced regularizing mechanism that we exploit is much
less subtle than in the previously mentioned works, while the key difficulties in our analysis
stem from the pressure contributions, namely (1.9) in (1.8).

Finally, we would like to highlight the works [33, 34], in which the authors introduce
(artificially) diffusive contributions analogous to those in (1.6) at the discrete level for the
multilayer shallow water system. This is done with the aim of developing numerical schemes
that ensure control over the discrete total energy.

1.3. Results on the hydrostatic equations and hydrostatic limit

The initial-value problem for the hydrostatic equations (1.4) (and (1.8)-(1.9)) without dif-
fusivity or viscosity contributions is not well-posed in finite-regularity functional spaces in
general. In fact, restricting to homogeneous flows (that is p being constant), ill-posedness was

2The effective velocities are defined slightly differently in [33, 34] compared with (1.8), since the analogous fully
continuous equations read

dth + Vi - (hu) = Vx - (K Vi),
oe(hu) + divy (ou ® (u — K%)) +hVey =0,

where ¥ is defined in (1.9). The multilayer shallow water system can be viewed as a system of several equations of the
form (1.6), coupled through the pressure contributions. Alternatively it may be interpreted as a semi-discretized (with
respect to the density variable) version of the system (1.8), as rigorously shown in [35].
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established by Renardy [36] at the linear level, and by Han-Kwan and Nguyen [37] at the non-
linear level. Yet if we additionally assume that the initial data satisfy the Rayleigh condition of
(strict) convexity/concavity in the vertical direction, well-posedness is restored [38-40]. The
picture is very different in the framework of stably stratified flows. The celebrated Miles and
Howard criterion [41, 42] states that the linearized equations about equilibria (o (z), #/(z)) do
not exhibit unstable modes (in dimension d = 1, see [43, Remark 1.3] when d = 2) provided
that the local Richardson number is greater than 1/4 everywhere, that is

—p'(2)
Vz € [-H, 0], ‘@ <4 = )
ze| 1 lu' (2)] Sg(ﬁ(z))

Notice that the stabilizing (resp. destabilizing) effect of the stable stratification (resp. shear
velocity) is clearly encoded by the above criterion. However, let us underline again that the
local® well-posedness of the (nonlinear) hydrostatic equations in finite regularity spaces, even
for initial data (strictly) satisfying the above inequality, is an open problem.

This is in sharp contrast with the available results on the non-hydrostatic equations. In
this context, we mention the recent work by Desjardins, Lannes and Saut [47], which is
the closest to our framework and provides the well-posedness of the (inviscid and non-
diffusive) non-hydrostatic equations in Sobolev spaces (using the rigid-lid assumption). Even
though the stabilizing effect of the stable stratification is also a key ingredient of that work,
it is not powerful enough to prove that the lifespan of the solutions to the non-hydrostatic
equations is uniform with respect to the shallow-water parameter measuring the ratio of
vertical to horizontal lengths, without additional smallness conditions on the initial data. A
more detailed comparison between [47] and our results is provided in Section 2.3.

From the technical viewpoint, the reason of this discrepancy - in terms of the available
results — between the non-hydrostatic and hydrostatic equations is that the vertical velocity
variable w changes its role passing from prognostic (when it belongs to the set of unknowns)
to diagnostic (when it is reconstructed from the unknowns), whence losing one order of
regularity; see the fourth equation in (1.4). In an analogous way, the available control on
the pressure contributions lose one derivative with respect to the horizontal space variable
between the non-hydrostatic and hydrostatic systems. One of the main observations in [47]
and in our work is that for stably stratified flows the equations benefit from a symmetric
structure which can be exploited to partially (but not fully) overcome the difficulties related to
these loss of derivatives. In this way we are able to pinpoint contributions which may generate
high-frequency instabilities, revealing clearly the destabilizing influence of shear velocities.

In order to deal with loss of derivatives without restricting the analysis to the analytic
setting as in [48, 49], one natural approach is the introduction of (regularizing) viscosity and
diffusivity contributions. This is the framework of most of the theoretical studies concerning
the hydrostatic equations and/or the hydrostatic limit, starting with the work of Azérad and
Guillén [50]. A landmark in the theory is the work of Cao and Titi [51] where the global well-
posedness of the initial-value problem for the hydrostatic equations was proved in dimension
d 4+ 1 = 3: this striking result should be compared with the state of the art concerning the
Navier-Stokes equations. Several mathematical studies were later established to investigate
situations involving partial viscosities and diffusivities, as well as more physically relevant

3Incidentally, notice that it was proven that smooth solutions to the hydrostatic equations in the homogeneous
framework can develop singularities in finite time; see [44, 45], and [46] in the presence of rotation. Again, such a
result is not known in the stably stratified setting. Our study will be limited to local-in-time solutions.
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boundary conditions. Rather than providing an extensive bibliography for this huge set of
results, we limit ourselves to point out the works [52, 53], which extended the previous results
to the case where only horizontal viscosity and diffusivity are added to the equations. We also
mention [54-56] (in the homogeneous case) and [57, 58] (in the heterogeneous case) for
recent results on the hydrostatic limit and an extended list of references (therein).

A specificity of our analysis with respect to the previous ones (with the exception of [47])
is that we shall crucially use the (stable) density stratification assumption, but we completely
neglect viscosity-induced regularization and only allow for thickness diffusivity effects. We
shall also keep track of all relevant parameters in our estimates, and in particular we use
diffusivity-induced regularization only when crucially needed. This allows to characterize the
relevant convergence rates and timescales, and to exhibit a balance between the destabilizing
effect of shear velocities and the stabilizing result of thickness diffusivity. Moreover, to the best
of our knowledge, this is the first rigorous mathematical study where the specific form of the
diffusivity contributions, due to Gent and McWilliams [1] and modeling effective diffusivity
induced by eddy correlation, is taken into account, with the exception of the work of Korn and
Titi [7] which appeared after our work was completed. In [7], the authors extend the work [51]
to a framework with the full Redi-Gent-McWilliams parametrization and nonlinear equation
of state, pointing out the necessity of using a suitably regularized density in the definitions of
the diffusion operators in (1.5). Such regularization is not necessary in our analysis, which
differs by two main ingredients. Firstly, as previously mentioned, we restrict ourselves to
stably stratified flows and local-in-time regular solutions. Secondly, we will consider the
equations (1.1) and (1.4) in the isopycnal coordinate system.

1.4. Plan of the paper

The paper is organized as follows. In Section 2 we first rewrite the systems of equations (1.1)
and (1.4) with bolus velocities (1.2) in isopycnal coordinates. This yields systems (2.4)
and (2.5), respectively. We then present the main results of our work, namely Theorem 2.1
on the initial-value problem for the hydrostatic equations (2.5), and Theorem 2.2 on the
strong convergence of solutions to the non-hydrostatic equations (2.4) toward corresponding
solutions to the hydrostatic equations (2.5), as the shallow-water parameter vanishes.

Section 3 is dedicated to the proof of Theorem 2.1.

In Section 4, we analyze the non-hydrostatic equations. We first provide elliptic estimates
for the boundary-value problem of the pressure reconstruction (Lemma 4.1 and Corol-
lary 4.2), and use them to infer two partial results concerning the initial-value problem:
Proposition 4.3 (restricted to small time) and Proposition 4.8 (restricted to small data).

In Section 5, we bypass these restrictions assuming sufficiently small values of the shallow-
water parameter, and complete the proof of Theorem 2.2.

Finally, in Appendix A we provide product, commutator and composition estimates in
anisotropic Sobolev spaces which are of independent interest.

2. Main results
2.1. The model in isopycnal coordinates and non-dimensionalization

Let us consider smooth solutions to (1.1) defined on a time interval I;. Assuming that the flow
is stably stratified, i.e.

inf(—d,p) > 0,
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the density p : z = p(-,-,2) is an invertible function of z. We denote  : 0 — n(-,-,0), its
inverse so that

,O(t’x) n(t)x,Q)) = Q) n(tl'x) p(t7x’z)) =z

We also assume that p(t,x,—H) = p1, p(t,x,(t,x)) = po for (t,x) € I; x R, where
Po < p1 are two fixed and positive constant reference densities. Then we have

n: I xQ—->R with Q:= RY x (po,p1) and  h:=—09,n >0, (2.1)
the latter inequality accounting for the stable stratification assumption. We now introduce
i(t,x,0) = u(t, x,n(t,x,0)), W(tx0) =wt,xn(t%0), P(tx0) =Ptxn(tx0).
From the chain rule, we infer that system (1.1) in isopycnal coordinates reads

m + 1. Vin — w =k Axn,

Vil ~
p 0,P =0,

Q(Btﬁ + ((ﬁ — Kvﬁh) . Vx)it> + VP +

P
oA+ (i — 1) - wib) — 22

—hVy - it — (Vi) - (0p88) + 8, = 0,
Pl

(2.2)

+go0 =0,

=P w =0.
0=po atm> |Q=Pl

Notice that differentiating with respect to ¢ the first equation and using the fourth equation
(stemming from the incompressibility constraint), the mass conservation reads
dth + Vy - (hit) = k Axh. (2.3)

At this point, we are ready to introduce a dimensionless version of the previous system.
We are interested in deviations from steady solutions to the incompressible Euler equations
with variable density:

(heq, Ueq> Weq» Peq) = (E(Q)’ u(0),0, P(0)),
which satisfy the equilibrium condition
doP(0) = goh(o).

Therefore, we consider (non-necessarily small) fluctuations of that steady solution, so that
our unknowns admit the following decomposition:

h(t,x,0)= h(0) + hpert(t, %, 0), u(t,x,0) = u(0) + tpert(t, %, 0),
w(t, x, 0) =0+ Wpert(t) X,0), I)(t> x,0) = P(o) + Ppert(ta X,0).

Furthermore, we non-dimensionalize the equations through the following scaled variables:
we set

h ta > 7 Ty~ 1 t’ >

Z NeZ

= u(o) + u(t,x,0),

and 4
A w(t, x,0) -~ i)(t,x,Q) Patm ¢ 1701 A Yt
——F—=— = w(%,%,0), = + | o'h(o)do + P(t,x,0),
H |/¢gH gH gH £0

“Notice the different scaling between the horizontal and vertical velocity fields. There, A is a reference horizontal
length.
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where we use the following scaled coordinates®

X . JgH
x=— and tzit.
A A

Introducing the dimensionless (thickness) diffusion parameter, ¥ and the shallowness param-
eter, i1, through
HZ

- K
K=—— and n=—7

A/ gH
substituting the scaled coordinates/variables in system (2.2) and the subsequent equation and
dropping the tildes for the sake of readability yields

dh+ V- ((h+ h)(u+ u) = kK Ash,

Vin
Vh
Q(Btu+ ((g-i—u—Km) . Vx)u> W h =0, (2.4)
0o P oh
o (dw+ e+ u— ) -V )—h+h t =0
—(h+h)Vy-u—Ven- W + pu) + 3w =0, (div.-free cond.)
P
ne0) = /Q h(-,0') do’, P|Q —py =0 Wig:pl =0. (bound.cond.)

The hydrostatic system is obtained by setting & = 0 in (2.4). Specifically, plugging the
hydrostatic balance

P oh
h+h h+h
into the second equation of (2.4) yields
dth + Vi - (B + h)(u+ u)) = K Axh,

and P{Q " =0

(2.5a)
Q<8tu+ (et u— iy Vx)u> Ve =0,
with
Q / / / ol / /
£0 Q
p1 o o
= po/ h(t,x,0") do’ —|—/ / h(t,x,0")do” do’. (2.5b)
£0 po Jo

We shall provide a rigorous proof of the convergence of (smooth) solutions to (2.4) toward
(smooth) solutions to (2.5) as i\, 0, under the stable stratification assumption, k + h > 0.

2.2. Our main results

Our main results are stated and commented below. Some notations, and in particular the
Sobolev spaces H S’k(Q), are introduced right after. First, we prove the existence, uniqueness

5We could scale also the p-coordinate. Adjusting accordingly the other variables, we can set without loss of generality
po = 1. In the following we shall not discuss the dependency with respect to pj, and in particular the physically

relevant limit of small density contrast, p‘ﬂ;po <« 1; see [59] and references therein.
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and control of the solutions to the hydrostatic system (2.5) for sufficiently smooth initial
data. Let us point out that the existence time of our solutions encodes the aforementioned
stabilizing (resp. destabilizing) effect of the stable stratification and thickness diffusivity (resp.
shear velocity).

Theorem 2.1. Let s,k € N be such thats > 2 + g, 2 <k <s,and M, M, h,,h* > 0and
0 < po < p;1 be fixed. Then there exists C > 0 such that for any x € (0,1], any h,u €
Wk ((pg, p1)) satisfying

B ysoo + [0 i1 < M

and any initial data (hg,up) € H% (), with 79(-,0) = fgpl ho(-,0") do’, satisfying the
following estimate

Mo := |no|
and the stable stratification assumption
Vix,0) €2, h k(@) +ho(x,0) < I,

there exists a unique (P, u?) e CO([o, T]; H¥*(£2)1+9) solution to (2.5) and (A", uh)|t:O =
(ho, uo), where

ook [0 g + [0l 1 1720 s = M

0=po

7t = C(1 4k ([} + M) (2.6)

Moreover, h! € L%(0, T; HS‘H’k(Q)) and one has, for any ¢ € [0, T,
V(x,0) € €, h./2 < h(o) + h(t,x,0) < 2h*,
and, denoting n(, 0) = fgpl hh(., 0" do’,

"l

(t’ )
"]

” nh(t’ )| Hsk + ”uh(t) )| Hsk + |77 o0=po Hsk

+ !/ H Van" ”LZ(O,T;HSJ‘) + Kl/z‘vx”

T «'/? Hhh(t’ 3]

Q:p0|L2(o,T;H;) +« ” Vi ”LZ(O,T;HS>’<) < CMo.

In our second main result, we prove that within the timescale defined by (2.6), there exist
solutions to the non-hydrostatic equations (2.4) for u sufficiently small, and they converge
toward the corresponding solutions of the hydrostatic equations, with the expected O(u)
convergence rate.

Theorem 2.2. There exists p € N such that forany k = s € N, M,M,h,,h* > 0 and
0 < po < pi, there exists C > 0 such that the following holds. For any 0 < My < M,
0 < k < 1,and u > 0 such that

1 < 1/ (CMp),
for any (h, u) € W5 ((pg, p1))? satisfying

’h|wlg+ﬂ>oo + ‘E/|W§+p71,oo <M;

for any initial data (ho,ug,wo) € HTPKHP(Q)?*9 satisfying the boundary condition
Wolo=p, = 0 and the incompressibility condition

—(h + ho)Vx - g — (Vxno) - (' + dyug) + dpwo = 0,
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(denoting no (-, 0) = fgpl ho(-,0") do’), the inequality

e

|| 770| Hspkip T ||u0| pspkip T |7}0| Hs+pkip = My <M

0=po
and the stable stratification assumption

V(x,0) €Q,  h <h(o) +ho(x,0) <",

the following holds. Denoting (h", u") e CO([0, TM]; HP*+2(Q)!1*9) the solution to the
hydrostatic equations (2.5) with initial data (hh, uh)| —0 = (ho, up) provided by Theorem 2.1,
there exists a unique strong solution (h"h, b by e ([0, TM); H%(Q)219) to the non-

hydrostatic equations (2.4) with initial data (b, b yynh) | —o = (hg, ug, wo). Moreover, one
has

|no — R “LOO(O,Th;HS,k) + [Ju - “h”LOO(O,T";HS”‘) =Cp.

2.3. Strategy of the proofs

Our results rely mainly on the energy method, exhibiting the structure of the systems of
equations trough well-chosen energy functionals and making use of product, commutator
and composition estimates in the L?-based Sobolev spaces H¥(£2) that are summarized in
the Appendix.

Based on the structure of hydrostatic equations without thickness diffusivity (« = 0) (2.5),
namely

Beh+ Ve - (h+ )+ w) = 0,
o0+ (+w - Vi)u) + My =0,

where the operator M defining the Montgomery potential in (2.5b) is self-adjoint for the Lé
inner-product and satisfies for all 4, h; € LZ) = L%((po, p1))

(Min o)y = ol [ mae)( [ o)+ ([T mdes [T hae)
o : : 0

£0 0

the natural energy functional associated with the hydrostatic equations involves u, n =
[ hdo, and nlo=p, = [ ;; ' hdo (that represents the free surface deformation), and their
derivatives. Notice we do not control h = —d,n (see 2.1) in the same regularity class
as u, 1) unless it is multiplied by the prefactor «1/2. In our energy estimates, problematic
contributions arise from the commutator between advection operator and density integration
in the equation of mass conservation, i.e. the first equation in (2.5). In order to control these
contributions we crucially use the diffusivity-induced regularization, which explains why the
lower bound on the time of existence of our solution stated in (2.6) vanishes as « \ 0, yet with
a prefactor involving the shear velocity, u'(0) (since advection by a ¢-independent velocity
commutes with density integration). It is interesting to notice that the index of regularity
with respect to the space variable, s, and the one with respect to the density variable, k, are
decoupled (yet only in the hydrostatic framework). This is due to the fact that the isopycnal
change of coordinate is semi-Lagrangian: the advection in isopycnal coordinates occurs only
in the horizontal space directions. It would be of utmost interest (but outside of the scope of
the present work) to decrease the regularity assumption with respect to the density variable,
so as to admit discontinuities, representing density interfaces.
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Concerning the non-hydrostatic system, (2.4), the natural energy space involves addi-
tionally ,/uw and its derivatives (hence the control vanishes as 1 \ 0). In order to
obtain suitable energy estimates, we decompose the pressure as the sum of the hydrostatic
contribution and the non-hydrostatic contribution, the latter being of lower order in terms
of regularity and/or smallness with respect to © < 1. Then we use the structure of the
hydrostatic equations, which we complement with an additional symmetric structure for
the non-hydrostatic contributions. There, the difficulty consists in providing controls of the
energy norms that are uniform with respect to the vanishing parameter ;< 1. Our estimates
concerning the non-hydrostatic contribution of the pressure stem from elliptic estimates on a
boundary-value problem. This strategy is heavily inspired by the work of Desjardins, Lannes
and Saut, and it is interesting to compare our results with the analogous “large-time” well-
posedness result in [47, Theorem 2]. Firstly, due to the choice of isopycnal coordinates, our
boundary-value problem is no longer an anisotropic Poisson equation but involves a fully
nonlinear elliptic operator. Since this operator involves h that is not controlled in the energy
space, we use again the diffusivity-induced regularization at this stage. On the positive side,
using isopycnal coordinates rather than Eulerian coordinates allows us to consider the free-
surface framework (since isopycnal coordinates readily set the domain as a flat strip, thanks
to our assumption that the density is constant at the surface and at the bottom) rather than the
rigid-lid setting. We believe that our study can be extended to the rigid-lid framework with
small adjustments. Incidentally, we do not employ the often-used Boussinesq approximation,
since it is not useful in our context. Additionally, we do not rely on the use of strong boundary
conditions on the initial density and velocities and their derivatives at the surface and the
bottom, which instead are assumed in [47] (and in most of the other works, often put in
a periodic framework) and rather use only the natural no-slip boundary condition at the
bottom; the former allow to cancel the trace contributions resulting from vertical integration
by parts. We also consider the general situation where the velocity field is a perturbation of
a nonzero background current, #. In turn, the price to pay to handle this general framework
manifests in terms of some restrictions on the length of the time of existence of our solutions,
which is inversely proportional with respect to the size of the fluctuations in [47, Theorem 2].

Now we describe our strategy to prove the convergence of the solutions to the non-
hydrostatic system toward the hydrostatic one. First, we point out that a direct use of energy
estimates as previously allows to obtain the existence of solutions of the non-hydrostatic
equations in a timescale uniform with respect to u but not necessarily the same as the
existence time of the corresponding solution to the hydrostatic equations, and (for tech-
nical reasons) restricted to sufficiently small data. To overcome these issues, we look at
the hydrostatic solution as an approximate solution to the non-hydrostatic system (in the
sense of consistency, as it approximately solves the non-hydrostatic equations), and deduce,
using the aforementioned structure of the non-hydrostatic equations, an energy inequality
that controls the difference between the solution to the non-hydrostatic system and the
(respective) solution to the hydrostatic one. This strategy allows to bootstrap the control of the
difference of the two solutions (and hence the control of the solution to the non-hydrostatic
equations) within the timescale of existence (in a higher-regularity space) of the hydrostatic
solution, provided that the parameter u is sufficiently small. However, the rate of convergence
obtained by this method is not optimal. Therefore, in a second step we implement another
strategy to obtain the expected (optimal) convergence rate. It simply consists in taking the
opposite viewpoint: to look at the solution to the non-hydrostatic equations as an approximate
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solution to the hydrostatic equations (again in the sense of consistency) and use the structure
of the hydrostatic equations to infer the O(u) convergence rate. Both steps involve loss of
derivatives, described by the parameter p in Theorem 2.2.

2.4. Notation and conventions

We highlight the following conventions used throughout the paper.
o po and p; are fixed constants such that 0 < py < pi, and the dependency with respect to

these constants is never explicitly displayed.

o Fork,se Nandk <s,and Q = R? x (po> p1), we define the functional space

H*(Q) = {f CV(j) € N4 ja| +j <5, j <k 0%3if € LZ(Q)}, 2.7)

endowed with the topology of the norm

ko s—j )
12L15>k = Z Z H 8g%f’|22(52)'

j=0 |ee|=0

Il

When s’ € R (and k € N) we define H K(Q) = {f VieN, j<k ATIRf e LZ(Q)}
and

k
s = 32087001 [y
j=0

where A = (Id —A,)'/2. Of course the two notations are consistent when s’ = s € N, up
to harmless factors in the definition of the norm.

We use both the equivalent notations H*(RY) = H (the usual L?>-based Sobolev space
on RY) and Whk®(R?) = W,]f’oo (the L*°-based Sobolev space on R%), and similarly
L*((pg, p1)) = Lg and Wk ((pg, p1)) = Wg’oo. For functions with variables in Q we
denote for instance

LLY = L(po, pi; LO(RY)) = {f : esssupycpa [f(%)] € L*((po, p1))).

Notice LL; = LiL? = L*() and LPLYP = L°LY® = L®(L). We use similar notations
for functions also depending on time. For instance, for k € N, and X a Banach space
as above, CX([0, T]; X) is the space of functions with values in X which are continuously
differentiable up to order k, and L? (0, T; X) the p-integrable X-valued functions. All these
spaces are endowed with their natural norms.

For any operator A : f — Af, we denoteby [A, flg = A(fg) — f(Ag) the usual commutator,
while [4;f,¢] = A(fg) — f(Ag) — g(Af) is the symmetric commutator,

C(A1, X2, .. ) denotes a constant which depends continuously on its parameters.
Foranya, b € R, we use the notation a < b (resp. a 2, b) if there exists C > 0, independent
of relevant parameters, such that a < Cb (resp. a > Cb). We writea =~ bifa < band
azb.

We put a Vv b := max(a, b). Finally,

0 ifa<b,

0 ifa#b,
(Ba)a>b = B

and (B =
( a>“=b B, otherwise.

. otherwise,
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3. The hydrostatic system

In this section we study the hydrostatic system in isopycnal coordinates. Specifically, we
provide in this section a well-posedness result on the initial-value problem, namely Theo-
rem 2.1. The result follows from careful a priori energy estimates, and the standard method
of parabolic regularization. Therefore we will first study the system

dth + Vi - (h+ h)(u+ u)) = « Axh,

(3.1)
du+ ((w+u— k=) - Vi)u+ Ve = vAm,

with
P o o
Ve (L, x,0) := ,00/ Vh(t, x,0") dQ’+/ / V,h(t,x,0") do” do’,
£0 po Jp'

and v > 0, and will rigorously establish the limit v — 0.

3.1. Well-posedness of the regularized hydrostatic system

We start with proving the well-posedness of the initial value problem.

Proposition 3.1. Lets > % + ‘%, k € Nwith 1 <k <s,and M, My, h,, v,k > 0and Cy > 1.
Then there exists T = T(s, k, M, My, hs, v, &, Cp) such that for any (h,u) = (h(0),u(0)) €
W5 (( 00, p1)) and for any (ho, ug) = (ho(x,0), up(x,0)) € H%(2) such that

onf (1) + ho(x,0)) 2 s, ()i < M, | (ho, u0) | jyox < Mo,

there exists a unique solution (h, u) € Co([o, T];Hs’k(Q)) to system (3.1) with (h, u)|t:0 =
(ho, up). Moreover, (h,u) € L2(0, T; HT1%(Q2)) and, for a universal constant ¢g > 0, the
following estimates hold

Hh”LOO(O,T;HSvk) + coxc'/? ” vxh”LZ(o,T;HSJ<) <G HhO ”HSJ‘;

Hu“LDC(O,T;HSJ‘) +cov'/? H quHLZ(O,T;HS’k) < Co H Uo HHSJ‘; (3-4)

inf (s x0)c0, ) x2(h(Q) + h(t,x,0)) > h./Co.

6As highlighted by the anonymous referee, another reasonable approach, inspired by the specific form of the viscosity
contributions in the shallow water equations advocated in [19] and analyzed using the energy method in [60], would
be to consider the following system

dth + Vx - (h+ h)(u+u) = kAxh,

dive((h + h) V) (3.2)
h+h ’

Notice that after straightforward computations the system (3.2) can be reformulated as

th+ Vy - (h+h)(u+ u)) = kAxh,

otu + ((g—l—u—x%)-vx)u—&— %wa =v

(3.3)
deu+ ((u+u— (e + u)h%’,) Ve)ut 1V = vau,

so that the difference with respect to (3.1) is minor, and our analysis can easily be extend to (3.3). Specifically, the
only significant difference arises in the energy estimates of Lemma 3.5. Because the first contribution of (v) in the
proof vanishes, the assumption on the control of p1/2 ”Vxh(t, -)||Loo(9) is no longer necessary. As a consequence,
Proposition 3.6 holds without assuming v < «. This leads to the interesting problem of the large-time well-posedness
of the initial-value problem for (3.3) when « = 0, v > 0, which we believe can be addressed in the spirit of the BD and
Kk entropies described in Section 1.2, but leave open for future studies.
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Proof We will construct the solution as the fixed point of the Duhamel formula

t
h(t,) = &Bxhy + / DAL (7, ), u(r, ) dr,
0

t
WJ=HWM+/€WﬂMm+ﬁW@JML”&
0

where ¢*'2x with & > 0 is the heat semigroup defined by F[e®2+f](&) = e~ F[f](¢)
where F is the Fourier transform with respect to the variable x, and

fhu) ==V ((h+h)u+w),
fithu) = —((@+u— k) - Vi)u

1 p1 e
fr(hu) = o (Po/ Vih(-, 0") do’ +/
0

0 Lo
Let us first recall the standard regularization properties of the heat flow. For any v > 0,
T > 0 and for any uy € HY () and g € LY, T; H%(2)), there exists a unique u €
CO([0, TT; H*(R2)) N L2(0, T; HT1K(Q)) solution to du — vAyu = g with u(0,-) = up
which reads by definition

P1
/ Vih(,0") do” dQ’) :
P

/

t
u = evtAxuO +/ eV(t_T)A"g(‘C,') dr,
0

and we have

+ e 2V

||“|| L°(0,T;H) (O.T5H*) = H “0| msk + ||g || LY(0,T;Hk)°
where ¢y > 0 is a universal constant. The existence and uniqueness of the solution as well
as the above estimate easily follow from solving the equation (for almost every o € (0o, p1))
in Fourier space and using Plancherel’s formula, then using that 9, commutes with 9; and
Ay, and invoking Minkowski’s integral inequality (resp. Fubini’s theorem) to exchange the
order of integration in the variables (¢, ¢) (resp. (x, 0)). We also remark that, by the positivity
of the heat kernel and the continuous embedding H Q) ¢ L®(Q) for s > % + g (see
Lemma A.1),
inf u > inf up — &l 21 o, rigzs-11y-

Now we consider (f,f, + f,) as a bounded operator from H*1*(Q)!1+4 to H*(Q)!*4.

Indeed, there exists Cx > 0 such that for any (h, u) € HF1K(Q)1+4,

|f (hw)|

Hsk = ||Vx : (hu + h2+ hu)|

< Cogox ([ o [ s + ] o [
+||h| Hsk |h| Hs’k) >

where we used straightforward product estimates for the first two terms, and Lemma A.3 for
the last ones. Similarly, we have

1) g = (= ) - Vi)l

HsJ(

HstLk

u| stk + Hst+Lk ||u|

Hsk

o) Lo

+ "Cs,k(|h_l|wg'°° + ” W|

S (P

HstLk

Hs,k) H (Vxh : Vx)u|

HsJ( .
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Using the constraint inf ,, ;) b > infq(h + ho) > h, > 0 and Lemma A.6, we find that for
any h, > 0 and My, M > 0 there exists Csx(hy, M, My, Co) such that for any h € HY ()
bounded by ||h| sk < CoMo and satisfying inf (x 0)c (h(0) + h(x,0)) > h./Co, one has

|5 yko + | sy s < CoChar M, Mo, Co).

Using the last estimates in Lemma A.3, since s > % + ‘%, we have

[(Vih - Vi)ul

st = [Pl g[8l prevnse + [l s ] g

Finally, from the continuous embedding L ((p9, p1)) C L>((po, 1)) C LY((po, p1)) we
immediately infer

1f>(hw)|

Altogether, we find that for any h,, Cy > 0 and M, My > 0 there exists Csx(h., M, Mo, Cp)
such that for any (h, u) € HetLk ()1 satisfying H (h,u) } sk < CoMo andinf (0 e (h(0) +
h(x,0)) > h,/Co, we have

| (fhw), fL (B w), f, (hw)) |

By similar considerations, we find that for any h,,Cy > 0 and M, My > 0 there exists
Cs s (hys M, My, Co) such that for any (hy, uy, hy, up) € HSTHE(Q)2(1+9 satisfying the bound

Hs,k S Cs,k H h ’

Hs+l,k .

sk =< Cs,k(h*: M) MO’ CO) (1 + K) H (ha u)‘

Hs+l,k .

H (hi, u;) ’ sk < CoMo as well as inf (x p)eq(h(0) + hi(x,0)) > hy/Cp (with i € {1,2}), one
has
| (f (has w2) — f(hy, w1), f (hoy w2) — fy (hy, 1), 5 (hay w2) — f 5 (hys ) || e
< Cokltes M, Mo, Co)(1+5) ([ 012 = stz = )| o

+ || (B, B ur, ) |

Hs,k) .

From the above estimates, we easily infer that for T > 0 sufficiently small (uniquely
depending on s, k, Mo, M, h., v, k, Cp),

- h N e;«mxho+fotek(t—r)Axf(h(f,.),u(r,.))dr
Ny evtAxuO+f()fev(t—r)Ax(fl +f,)(h(z,), u(t,-))dr

Hs+Lk || (hz - hla u — ul)|

is a contraction mapping on
X = {(h, u) € CO([0, T]; H*(2)) N 120, T; HHYk(Q)) : (3.4) holds} .

The Banach fixed point theorem provides the existence and uniqueness of a fixed point
(solution to (3.1)) in X, and uniqueness in CO([0, T]; HY* () is easily checked (for instance
by the energy method). O

Remark 3.2. It should be emphasized that the time of existence provided by Proposition 3.1
is not uniform with respect to the parameters x, v > 0. More precisely, the proof provides a
lower bound as

T Z min({1, «, v}), ie. T7! <1+ kvl
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3.2. Quasilinearization of the hydrostatic system

In the result below, we apply spatial derivatives to system (3.1) and rewrite it in such a way
that the linearized equations satisfied by the highest-order terms exhibit a skew-symmetric
structure, which will allow us to obtain improved energy estimates in the subsequent section.

Lemma 3.3. Lets,k € Nsuch thats > 2 + %l and2 < k < s, and M, M, h, > 0. Then
there exists C = C(s,k, M, M, h,) > 0 such that for any x € [0,1], v > 0, for any (h,u) €
W5 ((po, p1)) such that

/

o0 —1,00 M;

g g < 21
and any (h,u) € L*®(0, T; H**(2)) solution to (3.1) with some T > 0 and satisfying for

almost every t € [0, T]
||h(t) )| Hsfl,kfl + || n(t’ )| Hsk + || u(t> )|
(where n(t, x,0) := fgpl h(t,x,0") do’) and
inf h(o) + h(t,x,0) > h,,
(x,0)eR

+K1/2| ka

Hsk + |77(t) )|Q =po Hs

the following holds. Denote, for any multi-index & € N%, n® = 3%, u@ = 5%u.
o Foranya € N9 with 0 < || < s, we have that

p1
™ + w+wu) - V@ + / (U + d,u) - Vin'®@ do’
o

o1
+/ (h+h)Vy - u® dQl = KAxn(a) ~+ Re 0,
0 (3.5a)

du® + ((y+u—Kh+h) Vi)u®
Ll 0
2 vx,,ax)‘g s / V@ do’ = vAu®@ + Ry,
Po

where for almost every t € [0, T], (Ra0(£,-), Rao(t,-)) € C%([po, p11; L2 (R?)) x L2(2)%
and

HR“’OHLZ(Q) + HR“»() HLZ(Q) + ’R“’O‘Q:p()’LZ = CM 1+ K”v h| Hsk (3.5b)
o ForanyjeN,1<j<kandanya € N4, 0 < || <s—j,itholds
8t8£n(°‘) + (u+u) - Vy Bj @ — kA 8j77(°‘) + Ry, (3.62)
) 3.6a
Btaéu(“) + ((g u— Kh+h) vx)af u® = A, 8]u + Roj,
where for almost every ¢ € [0, T], (Ry (%, ), Raj(t,-)) € L2(Q) x L2(2)? and
”RN»J'HLZ(Q @ S CM (1+ [ Vih | or)- (3.6b)
« Foranyje N, 0 <j < kand any multi-index @ € N, 0 < || < 5 — j, it holds
B:0hh @ + (u+ 1) - Vedhh® = kAL + 1o )+ Vs - 1ajy (3.72)

where for almost every t € [0, T1, (rj(t, ), ra,j(t, ) € L2(Q)'*4 and

Kl/z”r%j”LZ(Q) + |’r°‘>j||L2(Q) =CM. (3.7b)
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Proof In this proof, we denote sp = s — 2 > g.

Estimate of Ry 0. First we notice the identity by integration by parts in o,
P1 P1
(u+u) - Ven'™ + / ' + 8pu) - Vo™ do’ = / (u+u) - V5h® dg'.
0 0

Hence, recalling the notation [P; u, v] = P(uv) — u(Pv) — v(Pu) and integrating by parts in
0, we get

p1
Ry = —/ [0%, u] - Vyh + [0%, h]Vy - u do’
o

P1
=— | [0F;u,Veh] + u® - Vih + [3925h, Vi - u] + h® (Vs - w) do’
o
= —[0%u, Ven] — @V - u
01
— / [0%; o1, V)] + u'® - Vel + [0 h, Vs - u] + n®V, - 8,u do.
o

By the standard Sobolev embedding H* (R ¢ L°(RY) and Lemma A.1, one gets

u

|7V w2y = [0 | 2oy I Ve el ey S Il o] g2

and

u

’(”(a)vx ‘ ”)|g=po ’L,% S ”7’@=po
By Lemmas A.7(3), and A.1, we have

H H50+%,1 .

00550 Vaml| 2y S Nl pgoryr 19 o pross + ot e ot [ Vi

S u

Hs0+20 + ||u HS()+%J ||77

Hs—%,l ”77 Hs0°

|[8;‘;u‘Q:po,Vxn’Q:p0]]Li S |u’@=po V"”}Q=po

S w

! it T [l g [Vl o
n|Q=po|Hi0+2 + ||u

and using additionally the Cauchy-Schwarz inequality,

H!

B! g0t 3! i77|Q=po HY

105 9, Va3 15 S [00n] e | Ve | oot + (9w g ot [ Vi g

S Jull g Inl sz + [ gosa [0 500

05855, %s -y % [l s |-l s + Dl 19

S [k

[l gv20 + |1

Hs—10 E50+10 H u H 50>

and

RN

[ 30033 % I

h

Hs,O H% +1,0>

HS,O u HS()+2,1'

Altogether, using the continuous embedding L* ((9, p1)) C L>((po> 1)) C L' ((po> p1))>
the Minkowski and triangle inequalities and s > 5o + 2, we get

|R°t,0| + HR%O HL2(Q) S (Hn

ot B (3.8)

Q=po|L§ 1o+ |”|Q=po ag) | s
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Estimate of Ry j for 1 < j < k. We have
Rj = —[028) Vo, u+ulh — 829) Vi - (h(u + u))
d
= — > (080,05 Luilh— [0 ul-9%Vih — 3 - (B2 Vu),
i=1
where u; is the ith component of u. By Lemma A.8 and since (je| +1) + (j — 1) < sand
j—1<k— 1,and5250+%,weﬁndf0r2§k— 1<s

” [agaxl-aé_l’"i]h||L2(sz) S ”h Hsk*

There remains to consider 1 < j < k < 2.Ifj = 1 we have by Lemma A.7(2) and since
o] fs—landszso—i—%

Hs—Lk—1 || u

105 0xs wilh| 2 ) S 1l e o Nl o + 10l g Dol e ot S NP0 g Nl -
Ifj =k =2,and since |¢| <s—2ands 250—}—%,
|| [3;[ 8x,- a£_1> ui]h “LZ(Q) 5 “ [a;[ axp ui]agh”Lz(Q) + || 8;-‘ ax,- (hagui) “LZ(Q)

< 8QhHL5H§0 “““Lg@Hfj1 +| 8QhHL§,H;—2 ||u||LZ°HiO+1

L P L e L PV Lo Vv
/S ||h Hs— L1 ||u Hs2*

Finally, we have immediately

H[aéfl,z] : 3gvxh||L2(§2) S |E/|W{,_2’°° Hh

Hs—Li—2>

o B - w2 gy < [ yioroe

Hs
Altogether, we find that forany 1 <j <k
| R i) ([

Estimate of roj and ry j for 0 < j < k. We have (3.7a) with

st + [

12(Q) S (|h|w’£§*1v°° + |ﬂ/|w§*2v<’° + ”h HH,kfz)- (3.9)
aj = —[3, uloh — 823} (hu) — (3% u)h,
raj 1= —[0%3) Vs t, h] + (3B u) - Vih.

We have immediately (since || +j < s,j < k, and using Lemma A.1)

|| [%’E]agh||L2(Q) S, }E/iwlgc—l,oo ||h

H:—I,k—l’
[ 3;‘3{?@”) ||L2(Q) S |h|w§°° ]

@5 0wh] 12y < el e

@ ~ 3

H50+2,1 .

Hs,k

By Lemma A9 andsince |a| +j+1 <s+1,j <k <s,s+1 zso—i—%,weﬁndforZ <k<s

[00%3h Vs B 1o gy S 1 g o s
and we have by Lemma A.1
I (a:?aé”) : vxh”LZ(Q) < u prsk || po+3.Le
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Altogether, we find that forany 0 <j < k

msk + H h

k1), (3.10)
(3.11)

gl 5 Ut + 18]y 10+ [l cvs o) (o

h

Iraill 2oy S loel s |l g

Estimate of Ry 0. The precise expression of the second remainder in (3.5a) is the following:
Ry == —([0%,u] - Vy)u + «[0F, thh](Vxh - Vou+ h_ﬁ—h([a;‘, Vih] - V).
By Lemmas A.7(2) and A.1 we have

po0+31 ” Ul gso-

”([3;"”] : V")”HLZ(Q) S ”””LgoHio“ ”"”LéH} S H”

Next, appealing again to Lemma A.7(2), we have

|l x’h+h](v h- Vx)””LZ(Q) K||Vxh+h “LSOH;O

+K H Vth%h HLszfl || (Vxh - vx)u”LgOHjO'

(Vih - Vou|| 2

Now, by Lemma A.2(2) and Lemma A .4, one has for any ¢ > 0 that

|vxh+h|Hf = |(h+h)2|Hf = |VXh|Hf + |( - W)Vxhh{;
< 25+~ e [Vohlg (12— el Vbl ),
< C(hy, |h|H;0)|vxh|H’,c, (3.12)

where in the last step we used that, by Lemma A .4,

|i2 - L+h)2 HY = Clha |h|Ff0

and, provided that t > s,
1 1 1 1 1
|2 = el = 1 — el + [Vageme o

and a finite induction on ¢, until |Vx
Lemmas A.2(2) and A.1, we have

[V ol S [Vebl

mhz = |h+h n = h:zwxhhgc‘ Then, by

o+l + ||V h”LOOHSO

H HLOOH HLZ)H;

S g0 [ potda T [ Hoo+3 el 0
and
(N2 FPIRISY ML PP L PRIty [ RETY Ul el

Finally, we have by Lemmas A.7(2) and A.1

[ (002 V- Vaul 2 ) S [ Vil popyont [Van g + [ 9sh ] 2 [ Vo] o
S ”Vxh Fo0+31 “" o T ||Vxh a0 | ¥l gyso+31-
Collecting the estimates above and using that s > sp + %, we obtain
”R""O”LZ(Q) S ”“ Hs0 [ ¥ st +"C(h*’|h H50+%,1)(||h ?{s,l + ”Vxh Hs,l)”” peae (3:13)
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Estimate of Ry j for 1 < j < k. The explicit expression of the second remainder in (3.6a) is the
following

Ryj = —([028, u + ul - Vi)u + [0%3), 13 1((Vih - Vi)u) + 55 (1833}, Vih] - Vic)u

i o [ PO P1 , 1 e ,
+ 0}0° —/ V.h do +—/ Ve do' ).
Q £0 Q 140]

By Lemma A.8 we have for s > so + % and since 0 < || < s—jandj < k with k > 2, that

||([8;‘8£,,u] : Vx)””LZ(Q) S “” pok || Vatt | grs—vie
Then,
| (185 3, u] - vx)“HLZ(Q) = |[[8g, ul - vxa:‘cx””LZ(Q) N |ﬂ/|wf;1’°° ] e -
Next, using Lemma A.3,
185, $102((Veh - Vo)u) | 2 S Ch |10 | (Vi - Vioyu| o

< C(h*)|h/|wé_1,oo |7

u

HSJ HSI?

and by Lemma A.8, since s > 5o + % and2 <j <s,|a|+j <s, Lemmas A.6 and A.3,

|| [8;(%) hﬁ - %]((Vxh : Vx)u) HLZ(Q) S_, “ h-i—Lh - é Hsk (Vxh : vx)u Hs—Lmin({ks—1})
5 C(l’l*, h/|W§—1x°°’ h Hsfl,kfl)“h f_p,k u Hsk*
By Lemma A.8 we have for s > so + % and since |o¢| +j <sand2 <j <s
}|([8§8£,Vxh] : Vx)””LZ(Q) S Vit e ] e
We have immediately since |a¢| <s —j<s—1,
. P p1
|| aé’ag(zo /[‘)0 Vxh dQ/> ||L2(Q) 5 |agvx77|g=p0|L’2‘ ;S |7I|Q=p0 HS
and since (Ja| + 1)+ (G—1) <s,
-1 o i1 i
I35 [ 929en 4o < 21040 Vel 5 Il
i=
Collecting the estimates above we obtain for 1 <j < k
1Rejll 120 S 11l ol + Il gsscr + (8 | yiroe + Jul ) ] s
+ Kc(haU }h/|wg*1)00) ”h Hsfl,kfl)(Hh i]s,k + || vxh Hs,k) Hu Hsk: (314)

We infer the bound (3.5b) from (3.8) and (3.13), the bound (3.6b) from (3.9) and (3.14),
and the bound (3.7b) from (3.10) and (3.11), and the proof is complete. O

3.3. Apriori energy estimates

In this section we provide a priori energy estimates associated with the equations featured in
Lemma 3.3. We start with the transport-diffusion equations in (3.6a) and (3.7a), which we
rewrite as

h+u-Veh=kAgh+r+Vy-r. (3.15)
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Lemma 3.4. There exists a universal constant Cy > 0 such that for any ¥ > 0and T > 0, for

any u € L®(0, T;L(R)) with Vi - u € L'(0, T;L(R)), for any (r,r) € L*(0, T; L*(R))

and for any h € L®(0, T; L*(R2)) with V,h e L*(0, T; L*(R)), such that (3.15) holds in
L?(0, T; HY(2)'), we have

. atle i

“hHLOO(o,T;LZ(sz)) +ic!/ || vxh”L2

< Go(

(0,T5L2(2))

“h|t:0 “LZ(Q) + Hr”Ll(O,T;LZ(Q)) 2 ||r||L2(O,T;L2(Q)))

T
X exp <C0/O || Vy - “(t>‘)HL0<>(Q) dt). (3.16)

Proof Testing the equation against / and integrating by parts (with respect to the variable x)
yields

ld 12 .2 1 . . .
55”h”LZ(Q)+K”Vxh”L2(Q) = z/-/Q(Vx'u)hzdde—l—//Q ”hdde—//g"'Vxhdde-

The estimate follows from the Cauchy-Schwarz inequality and Gronwall’s lemma. O
Next, we consider system (3.5a), which we rewrite as

p1 P1
B + (u+ 1) - Vi +/ W+ du) - Vxﬁd9/+/ (h+ W)Yy - itde’ = k Ay} + R,
% o

0
0 (ati; +(u+u-— K—hvj;},;) . Vx)il) + pOer)‘Q:po + / Vendo' = ovAsit+ R
- Po

(3.17)
For the sake of readability, we introduce the following notations

X0 = % po, AR x L)% X' = COpo, ;1 H(RY) x HYO(@)%. (3.18)
Lemma 3.5. Let h,,h*, M > 0 be fixed. There exists C(h,,n*,M) > 0 such that for any
k > O0and v € [0,1], for any (h,u) € WL ((pg, p1)), for any T > 0 and (h,u) €

L®(0, T; Wh*(Q)) with Ayh € LY(0, T; L°(R)) satisfying (3.1) and, for almost every
t € [0, T], the upper bound

”h(t’ ')HLOO(Q) + ” Vih(t, ')HLgOLg +ol/? ” Vihi(t, ‘)HLOO(Q) + Hvx ~u(t, ')“LOO(Q) =M
and the lower and upper bounds
V(x,0) €2, h =< h(o)+ h(tx0) < h*

and for any (5,%) € C°([0, T; X% N L2(0, T; X'), with X°, X! in (3.18), and (R,R) €
L2(0, T; X%) satisfying system (3.17) in L2(0, T; XY, the following estimate holds:

EG(t, ), in(t, ) + 1| Vxﬁ“LZ(O,t;H(Q)) + K1/2|Vxﬁ|g:m |L2(o,t;L§) +v| in‘”iZ(sz)

t
: (5(’7(0"%&(0,-))1/2 +C / E(R(T,),R(t, )/ dt)
0

t
X exp (C/O (1+K_1||E/+a@u(r")”ig%§) dr),
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where we denote

eGiv=2 " [ w2+ (h+maf*dxdo + 2 [ 2| _ dx
) =7 . T e @t 5 Jou lo=r

Proof We test the first equation against ) € L2(0, T; HY(R)), its trace on {(x, pg),x €
R4} against ,007'7|Q=p0 e L%(0, T; H'(R%)), and the second equation against (h + h)u €
L?(0, T; HY()). This yields, after integration by parts

d
d
30+ 1| V|12 gy + pok | Vit [ +v Z / o(h + h)| 3yl dx do

— (@ +w) - Vi, ) ) — (/ (U + dou) - Ve do', n> (i)
L2()
L2(Q)
(g +u) - Vi, (h+ W)it) o ) + Kk ((Vsh - V)it i) 2 () (ii)
o
(pOVxTI| 0) (h + h)il)L2(Q) - (/I;O er.’ dQ/’ (h + h)u)Lz(Q) (IV)
- V(Q(Vxh V)u’ )LZ(Q) + (QRa (h + h)u)LZ(Q) (V)
p1

(Bl o ([ s i, )
P . /. . ' .

e </po (b+ 1)V - inde ’n|0=ﬂ0>Lz + P (R|Q=ﬂo’ n}9=po>L% (vid
+ 2@, i 2. (viii)

We consider first the second terms in (i) and (vi). We have by an immediate application of
Cauchy-Schwarz inequality and the continuous embedding L> ((pp, p1)) C L*((po, p1))

+ 0o

P1
< (' + dpu) - Vi do', n)
o

L1
< (W + dou) - Vi do', fz|gzp0)
12(Q) £0 12

< o+ 00l il (Il gy + il ) 6.19)

Notice that the right-hand side (3.19) cannot be bounded by the energy functional £(7), ),
and this is exactly the point where we use the assumption ¥ > 0. Let us now estimate all other
terms.

Using integration by parts in the variable x, we estimate the first addend of (i) and (vi) as
follows:

‘((E + u) : er.” n)LZ(Q)) + po

(((E + 1) - Vi) | o ﬁ|Q=PO>L§

12
<[ Vs- "”LOC(Q) H’7||L2(Q) + V- ”|Q:p0| Q=p0|L§'

The contributions in (iii) and (viii) compensate after integration by parts in x, using the first

equation in (3.1). Now consider the first addend of (ii) together with the second addend of (iv).

e
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By application of Fubini’s theorem we have

P£1 o
/ / (/ V(@) dg/)-(mh)(mu(g) do dx
R4 J pg £0

P1 1
= / / ( (h+ h)(0)u(o) dQ) - V(o) do’ dx
R4 J pg

0
Q/

and hence, integrating by parts in x, we infer

pL P
/ / / (h+ h) (") Vy - (") do’ 7(e) do dx
R Jpy Jo

P1 o
+/ / (/ Vi (") dQ’)~(h+h)(Q)i4(Q) do dx'
R4 J pg L0

pL LpL
/ / / (Veh)(0') - (0" (o) do’ do dx‘sﬂvthLooLz il 2o 7]l 22y
Rd Jpy Jo x e

Concerning first addend of (iv) and the first addend of (vii), we have after integrating by parts
with respect to the x variable and using Cauchy-Schwarz inequality

P1
— (povxr’}gzpo, (h + h)u)LZ(Q) — ,O() (/l.; (h + h)vx . udQ; n|Q:p0>L2‘

0
P1 . .
(/ (Vih) - iedo, n|gz,,o>
Lo L2

Concerning the first addend of (v), we have for an arbitrarily large constant K > 0,

= pPo SJ ||vxh||L;°L£) HuHLZ(Q)|f’|g:pO|L§'

. 1 . Kp? .
v ‘(Q(Vxh -Vu, u)LZ(Q)) = R””V””;(Q) + Tl"” Vxh”iw(sz) ”““12_2(9)'

The last contributions, namely

are easily controlled by means of Cauchy-Schwarz inequality. Collecting all of the above, and
using that

>

Em,m) ~ ”"7||iZ(s2) + ||i‘||i2(sz) + |’7|Q:p0|i§

and
d 2
0 [ o+ bl dsdo 2 v] Vail}ag
i=1

since poh. < o(h + h) < p1h*, we obtain (choosing K sufficiently large)

d . .. . .
E&(T], u) + ” Vi1 ||i2(Q) + POK|Vx’7|Q:p0 |]24326
< CEG i) + Cllat + pu] ooy €61 i)' Vit 12,

+ CEG, i) 2ER, R/,

with C = C(h,, h*, M). We deduce (augmenting C if necessary)
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d .. K 2 . 2
&0 + 2 | Vel 2q + pok [ Vit |, |12
< CU+ Mo + dgul ooy )G ) + CEG i) PER RV,

and the desired estimate follows by Gronwall’s inequality. O

3.4. Large-time existence; proof of Theorem 2.1

We prove the large-time existence and energy estimates on solutions to the regularized
system (3.1) in the following result. Compared with Proposition 3.1, we provide an existence
time which is uniformly bounded (from below) with respect to the artificial regularization
parameter v > 0, and specify the dependency with respect to the diffusivity parameter «, in
relation with the size of the data. It is in this sense that the existence of strong solutions to the
hydrostatic system holds for large times. We then complete the proof of Theorem 2.1 at the
end of this section.

Proposition 3.6. Let s,k € N be such thats > 2 + g, 2 < k <s,and M, M*, h,,h* > 0.
Then, there exists C > 0 such that, forany 0 < v <« < 1, and
o forany (h,u) € W*®((po, p1)) such that

[ ygoe + [ yroe = M
o for any initial data (ho, up) = (ho(x, 0), uo(x,0)) € H*(Q) with
My = |no] S Y

HSk + || u0| Hsk + |770|Q:p0 HS Hsk = M*,

and
V(x,0) € Q,  h <h(e)+ho(x,0) <H,
the following holds. Denoting
T = (4 (w4 08)),
there exists a unique strong solution (h,u) € C([0, T]; HY(Q)114) to the Cauchy problem

associated with (3.1) and initial data (h, u)‘ m0 = (ho, up). Moreover, h € L*(0, T; HST1K(Q))
and one has, for any ¢ € [0, T], the lower and the upper bounds

V(x,0) € 2, he/2 < h(0) + h(t,x,0) < 2K,

and the estimate
F(@) = |n(t, )| yox + |ut; )| (t,")
Va2 gz + 6 Vil g lizcousny €1 Vil 2o nasy < CMo-

Hsk + |77|g=p0 ch + Kl/z ||h(ts )| Hsk

Proof Let us denote by T* € (0,+00] the maximal time of existence of (h,u) €
CO([0, T); H*(Q)) as provided by Proposition 3.1, and

T*=sup{0<T<T* : Vt € (0,T),

h/2 < h(@ +h(tx0) <28 and  F(t) < CoMol,
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where Cy > 1 will be determined later on. By the continuity in time of the solution, and
using that the linear operator h > 7 := fgpl h(-,0")do’ (resp. h — n|Q:p0) is well-defined
and bounded from H () to itself (resp. H;(]Rd)) we have T, > 0. Using Lemmas 3.3, 3.4
and 3.5 and, therein, the inequalities |k elkel = |97 o—thel < In k> and (since
Vv < k) v1/2||VthLOO(Q) < k2 Hh k> we find that there exists ¢g > 1 depending only
on pohy, p1h*; and C > 0 depending on M, h,, h*, CoMy such that forany 0 < t < T,

Inct

Hs,0+|| u(ta ) Hs,0+|n| (ts )

0=po K 12 || Vi) “LZ(o,t;H&O)‘H‘ 12 | Vi) |Q=p0 |L2(o,t;H;>

i+ CCoMo (¢ + 7))

< co (1m0l 0 + 0] g0 + 0]

0=po
t
X exp (C/O (147 o+ 8pu ] ) dr)s - (3:20)

and (using a slightly adapted version of Lemma 3.5 which does not involve the trace of 8£,n at
the surface) forany 1 <j <k

|ahnt, )

g0 T K 12 H anz?” HLZ(O,t;HS*JFO)

< (H 3500, ) | gs-so + C CoMo (¢ + \/?))

t
X exp (C/O H V, - u(rt, -)HLOQ(Q) dr), (3.21)

and

P N

(0,5H570)

< (Ilaéu(o, )| gsio + C CoMo (t + \/?))

t
X exp <C/0 H Vi - (u - /chv%;l)(r, -)”LOO(Q) dr); (3.22)

and finally forany 0 < j < k

2 aghat, )

ps—io T K ” anéh || L2(0,5H5—10)

< (62040, ) s0 + C CoMy (¢ + V1))

t
xexp(C /O [V 2, )| gy ). (323)

By the continuous embeddings HOT2L LPH® C L*(Q) for any sp > d/2 (see

Lemma A.1) and sincek > 1 and s > % + %i, we have

s k| Ve

ok T K“h

H Vi - ””LOO(Q) + ” Vi (4~ "hvf};z) ”LOO(Q) = C(h*)(”" Hsvk)'

We deduce that
t
F(t) < c(Mo + CCoMy (t + JE)) X exp (C(t +Vt+ k! / | + d,u(z, g”imé dr)),
0 X

where we recall that ¢ > 1 depends only on A, and 4*; and C > 0 depends on
M, CoMy, h., h*. Hence choosing Cy = 2¢¢ and using that (by Lemma A.1 and since k > 2
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3 d
ands> §+§)

o+ 00z = [+ Bl 5 [+ s < Iy + oo
we find that there exists Cy > 1 depending only on M, M*, h,, h* such that
e (W M) <G = ) < e
Q

Now we remark that since

oh+u-Vih=«kAsh+g with g=—V,-(hu+ hu)
and by the positivity of the heat kernel we have
igfh(t, )= igf ho — ||g||L1(0,t;L°°(SZ))’ S‘S_lzp h(t,-) < S‘slzp ho + “g“Ll(o,t;LOO(Q))'

Now, by the continuous embedding H* 11 (Q) C L>®(R) (since s > % + %), we have that
l&l ooy < Bl yroe [2e] s + (1] < CAD (A + k' Mp).

Hs,l =
Hence augmenting Cy if necessary we find that

Hs! “|

2 3
tl+c'M) <C' = Vxo) e gh* < h(o) + h(t,x,0) < Eh*.

-1
By a continuity argument we infer T, > (C(l + K’l(m/ﬁz + M%))) , and the proof is
o
complete. O

Completion of the proof of Theorem 2.1

In order to complete the proof of Theorem 2.1, there remains to consider vanishing
viscosity limit, v \{ 0, in Proposition 3.6. Let us briefly sketch the standard argument. By
Proposition 3.6, we construct a family (h,, u,) € C([0, T1; H**(2)) of solutions to (3.1) with
(hy,u,) | —0 = (ho, up) indexed by the parameter v > 0. Notice that the time of existence and
associated bounds provided by Proposition 3.6 are uniform with respect to the parameter
v > 0. Hence by the Banach-Alaoglu theorem there exists a subsequence which converges
weakly toward (h,u) € L°°(0,T; Hok ()1 +4), satistying the estimates of Proposition 3.6.
Using the equations, we find that (3¢, ;) are uniformly bounded in L>°(0, T; H*2k). The
Aubin-Lions lemma (see [61]) implies that, up to extracting a subsequence, the convergence
holds strongly in (h,u) € c([o, T];HS,’k(B)Hd) for any 0 < § < s for any bounded
B C R? x (pg, p1). Choosing s' > 3/2 + d/2 and using Lemma A.1 and Sobolev embedding,
we can pass to the limit in the nonlinear terms of the equation and infer that that (h, u) is a
strong solution to (3.1) with v = 0. Moreover, since (h,u) € CO([0, T]; HS 2k (Q)114), we
have (h,u) € CO([0, T]; H**(Q2)'*9) forany 0 < ¢’ < s.

Uniqueness of the solution (h, u) € L>(0, T; HY(Q)114) follows by using Lemma 3.5 on
the difference between two solutions, and Gronwall’s lemma.

There remains to prove that (h,u) € C°([0, T]; HY*(2)119). We prove the equivalent
statement that for any o € N4 andj € Nsuchthat0 < || +j < sand0 < j < Kk,

(8£,8,‘fh, Bé ogu) € CO([0, T]; LA(2)119). By Lemma 3.3, as long as k > 0, we can write
0 (T h) — k Ax(dFh) = raj+ Vi - Tayy
3:(0h0%u) + (v - Vi) (30%4) = Ry,
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with (e, ajs Rej) € L*(0, T;L(2)'+24 and v(-,0) = ulo) + (u — ;ch+h)( 0) €
WE ((pg, p1))? + L0, T; H¥*(Q))?. In other words, aéa;‘h satisfies a heat equation and
continuity in time stems from the Duhamel formula, as already used in Proposition 3.1;
and Bi) d¢u satisfies a transport equation and continuity in time is standard, see e.g. [62,
Theorem 3.19]. Let us acknowledge however that our situation is slightly different, since
Q is neither the Euclidean space or the torus, and advection occurs only in the direc-
tion x (and not g). It is however easy to adapt the proof of [62, Theorem 3.19] to infer
%a%u € L2(po, p1;C°([0, T L2(R))? < CO([0, T1; L*(22))? from the facts that Ry €
L*(0, T; LX) L2(po, p1; L1 (0, T; L2(RY)))? and Vev € L2(0, T; HS-Vk(Q))4<d ¢
LY(0, T; L% (po, p1; H73/2(R%)))?*4 and s — 3/2 > d/2, the continuous embeddings
following from Minkowski inequality and Lemma A.1.
This concludes the proof of Theorem 2.1.

4. The non-hydrostatic system

In this section we study the local well-posedness theory for the non-hydrostatic system in
isopycnal coordinates, which we recall below.

dh+ V- (h+h(u+w) =k Ash,

V)
Q(atu-l-((y-i-u Kh+h) Vi) )+vxp+

3,P + oh) = 0,
A h( + oh)

0, P h
MQ(atW+( +”_Kh+h) Vx) h—QI—h hQ+h 0,

—(h+h)Vy-u—Ven - (W + pu) + 3w =0, (div.-free cond.)

p1
n(-0) =/Q h(-,0') do’, P|Q = =0 W|Q=p1 = 0. (bound. cond.)
(4.1)

4.1. The pressure reconstruction

The first step of our analysis consists in showing how the pressure variable, P, can be uniquely
reconstructed (thanks to the “divergence-free” incompressibility constraint) from prognostic
variables u, w and h (or, equivalently, 1), through an elliptic boundary-value problem.
Differentiating the “divergence-free” incompressibility constraint in (4.1) with respect to time
yields

—(h+ )V - 3t — (Vi) - (3p8;1) + 9p0w = (3¢h) (Vi - 1) + (Vxdsm) - (U + dom).

We plug the expressions for d;u, d;w, d:h, 9; provided by (4.1) inside the above identity.
Reorganizing terms, this yields the following

1 Vxn (9o P+0oh) 1 Vi1(9pP+0h) 9,P+oh
(h+h)vx‘<5vxp ST )+(Vx’7)'(89 (EV"P t = wT ))+39 <—u§<h+h>>

= —(h+ Vs ((@+u—kgh) - V)u) = Ve - (0 (@ +u— k25 - Va)u))
0y ((w+ = 5h) - Vow) + (kAgh = Vi ((+ W@+ ) ) (Vs )

(K Vel = Ve [ Vi (G + W)+ w) do') - @+ D).
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Using that d, Vxn = —Vxh we can rewrite the left-hand side in a compact formulation as

hthyg Ve
(LHS) = — <*/W") - 2 (“‘W") P+Py |

Q
w\ 9 VAV 14uVinl? 3o
0 o(h+h)

with P, = fpgo 0'h(0’) do’. As for the right-hand side, we denote

Vih
h+h

u, == —«K (4.2)

and we infer
(RHS) = —(h+ W) Vx - ((w+u+w) - Vi)u) — (Ven) - (0, (2 + u+ u,) - Viu))
+ 9 (u+u+uw) - Vew) — Vi - (h+ h)(u+ u+ u)) (Vs - w)
— (Ve Ve (ot W@+ e+ 1)) d0') - @+ D).

Notice the identity (reminiscent of (2.3))
o1
/ Vi (h+h@+u+u))de' =@+u+u) Vin—w—w,, (4.3)
0

where
Vih - Vin
h+h ~’

which is obtained by integrating with respect to o the divergence-free identities

We = KAy — K (4.4)

—(h+ V- u— (Van) - (4 + ou) + dpw =0,
—(h+h)Vy - u, — (Vin) - (8Qu*) + 8QW* =0,

integrating by parts with respect to g, using the boundary condition w|y,—,, = 0 = w,[p=p,
and h = —0d,7. Hence the above can be equivalently written as
(RHS) = —(h + h)Vy - ((E+ u-+ u*) : qu) — (Vi) - (89 ((E+ u-+ u*) : vxu))
+ 0 ((u+u+u) - Vaw) = V- (4 W) (u+ v+ 1)) (Vx - )
— (Ve (@t u+tw) - Vin —w—w.)) - (' + dpu). (4.5)

Taking into account the boundary conditions in (4.1), we find that the pressure satisfies the
following problem (recalling P, := fﬁ) o’'h(o”) do’):

h+h VIVx1
e (2 2 (2 -

9 JEVI N 14| Ven)? 4.6
1% 4 0 o(hth) 0 (4.6)
P|Q=po =0 (8QP)|Q=,01 - plh|@=p1‘

This boundary value problem corresponds to [47, (7)] written in isopycnal coordinates,
adapting the boundary conditions to the free-surface framework, and taking into account the
effective transport velocities from eddy correlation. Following [47], we shall infer the existence
and uniqueness as well as estimates on the pressure P from the elliptic theory applied to the
above boundary value problem, as stated below.
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Lemma 4.1. Letsy > d/2, s,k € Nsuch thats > sy + % and1 < k <s. Let M, M, h, > 0.
There exists C > 0 such that for any . € (0,1], and for any h, h, n satisfying the following
bound

i <M.l snacs + VAT
(where we recall the notation a v b = max(a, b)) and the stable stratification assumption

inf h h(x,0) > hy;
(x}él)eg_(g)+ (x,0) =

and for any (Qo, Q1,R) € H*™1(Q)? x H**(Q)?*!, there exists a unique P € H*TA1(Q)
solution to

Hs—L1vk—1 <M;

{ Vio + (A"VEGP) = Qo+ VEAQ + Vi - R 4.7)
Pl,_, =0 es1-(AVE,P),_, =es1-R|,_, '
where we denote A := (Id —A,)'/2,
h+h IVxn
Vi .— ﬂvx . AR — o 1d 4
w0 =\ g, : T\ A v |
e o(hth)
and one has, denoting H (Qo, Q1,R) Hr,j = || Qo| gri-t T || Q | Hri-1 T ||R| i

[Pl 20y + | V5eP|

i = € x (@ QB

(1] s + V2] Vam]

o) Q0. QR ) 48)
and, when k > 2,

[Pl 20y + | V5P|

Hs—Lk—1 S C”(QO: QI’R)HS—l,k—l' (49)
Proof Testing (4.7) with P, using integration by parts and the boundary conditions, we find

P1 p1 ~
— /Rd/ ARV, P - Vi,P do dx = /Rd/ QoP + Qi(/kAP) — R - Vi,P do dx.
00 PO

For (Qp, Q1,R) € L2(Q)?>T9+1 the existence and uniqueness of a (variational) solution
to (4.7) in the functional space

Hy(Q) = (P e I*(Q) : VioP e (), P|,_, =0}
classically follows from the Lax-Milgram Lemma thanks to the boundedness and the coer-

civity of the matrix A (recall that h +h > h, > 0 and the embedding of Lemma A.1), and the
Poincaré inequality

p1| ro 2
wery@,  [Plhg = [, [ |[ awpde| dodr < o= p0?focPlg,
R4 J pg Po
(4.10)
and we have
|| V":’QP”LZ(Q) < H Qo “LZ(Q) + ” Qi ||L2(S2) + ||R||L2(Q)' (4.11)

The desired regularity for (Qp, Q1, R) € H1(Q)% x H% ()%t is then deduced following
the standard approach for elliptic equations (notice the domain is flat) from the estimates
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which we obtain below. For more details, we refer for instance to [63, Chapter 2] where a very
similar elliptic problem is thoroughly studied. We now focus on the estimates, assuming a
priori the needed regularity to justify the following computations.

First, we provide an estimate for “ Vx,QP| HAO(Q) for 1 < r < s. One readily checks that
P, := AP with A" := (Id —A,)"/? satisfies (4.7) with Qy <« A’Qp, Q1 <« A’Q and
R <= A'R — [A7, A#]Vy ,P. We focus now on the contribution of P, := [Ar,A“]V,’zQP. By
continuous embedding (Lemma A.1) and commutator estimates (Lemma A.7), we have

H50+%»1 || V;::QP|

r-10]| Vo P|

[Pl 20 = [V54%] o+ ([ V4"

1 .
gt 2! >r>50+1

Hence, using product (Lemmas A.2 and A.3) and composition (Lemmas A.4 and A.6)
estimates, we deduce

1P gy = € (I952)

s {1l o + VI Ven] ) [ V2P

Plugging (4.12) in (4.11) and using continuous embedding (Lemma A.1) and so+ % <s-—1
yields

HS0+%’1>r>50+1 )
(4.12)

HS()+%,1)'

| VP

HO0 5 || Q0|

mro [ Qo + [R]
+ C([1] gro + [ Van|

g0 + | Vo[ 1o
o) (I Vo]
where we denote, here and thereafter, a < b for a < Cb with

C = C(h*) |h’ Hsfl,l’ «/ﬁ”vxfl‘ Hsfl,l) = C(h*)M) M)

Next we provide an estimate for H Vx,QP|

., (4.13)

1
H50+7’1>r>50+1

h’ Wy

Fri (g Appearing in the above right-hand side.

This term involves BgP, which we control by rewriting (4.7) as

L+p|Ven2 a2 _ 1441V 2 _. B
W%P = —ag(W)(agp)—v,‘;g-Agv;fQP+Qo+ﬂAQ1+v;fQ~R =: R (4.14)

where we denote

h+h JEVxn

[Caxcl & IEVIAZ 2/}
4 T o vﬂ P

«/ﬁvx n 0 *eQ

o

- gvx - (hVeP + (V) (3,P)) + ag(gwxn) - (VeP)).

Valct,e 'Agvfcfgp = vfef@ )

When estimating the above, we use product estimates (Lemma A.2) and then continuous
embedding (Lemma A.1), treating differently terms involving AP or V9, P: for instance

[ A hAP) | gy < [ | AxP] 1o + ([

1
2

[ AxP]

o+ | HSO‘O)T—1>SO’

and terms involving only VP or 9, P: for instance

[ AT (Axm @oP) | 12y S | Axn]

10 T (“ Ax’7| Hr—10 ” aQP|

oo+l “ 8QP| HSO*%J)FINO’

We infer, using Lemma A.1, u € (0, 1] and s + % <s—1,thatforanyl <r <s,
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“ 8§P Hr—10 S ” Qo 10 + H Q1 gro + ||R gt H V;CL»QP HrO
+ (”h Hnl + \/ﬁ |Vx71 Hr,l) (”VJICIZQP H50+1’1>r>30+1 . (415)
By combining (4.13) and (4.15) we obtain
“ vfé@P H"L S ” Qo gro + “ Qi gro + ||R mr T “ V,‘éQP Hr—10
+ C((”h a1 T \/EHVW H’vl) ”vffoP H50+1’1>r>50+1
which, after finite induction on 1 < r < s and using (4.11) for the initialization, yields
[VeoPl s S 1Qoll e + Q1 g0 + |1 Rl e
+ (||h Hrl + \/l_’l'” Vxn Hr,l) X (|| QO Hr—10 + || Ql Hr-10 + ||R H"_l’1>r>50+1 . (416)
This, together with (4.10), proves (4.8) when k = 1.
We now proceed to estimate higher o-derivatives. In what follows, we denote
C= C(h*a h|W§71’°°’ h Hs—1k—1> \/ﬁ” er’ Hsfl,k—l) = C(h*;M> M)
Let 2 < j < k. By definition, and using € (0, 1], we have
| VeeP] s < [ VaoPll st + 180 VeoP | gerit S [ VaoPll it + |195P ] i
We shall also use, when j < k — 1, the corresponding estimate
| VEoPl s S 1 Vio Pl gsrit + [85P o2
By using (4.14) (according to which 8§P = l_f/%éfr)]lzfl), andsincel <j—1 <s— 1, using
Lemmas A.3 and A.5 yields
2P S 17250 s 1Rl < CRl s
If moreoverj <k —1 <s— 1, then
|02Pl s S | s IRl s < CIRl s

Applying Lemmas A.3 and A.5 to R defined in (4.14), we obtain
|k

gt [ Qullosr + | R] s
+ C| VPl o1 + € < (|l gos + V[ Vit | 1es) [ Vi P s
and, if moreoverj <k —1<s—1,

||§ H572,j71 f || QO H572,j71 + ||Q1 Hsfl,jfl + ||R Hsfl,j + C” V;g:QP

From the second set of inequalities, (4.16) with r = s—1 and finite inductionon2 <j < k—1
we infer

g-li-1 = ” Qo

Hs—Li—-1*

| VP

Hs—1j = C(” Qo Hs—1li-1 + ||Q1 Hs—1j-1 + ”R

Then, from the first set of inequalities, (4.16) with r = s and the previous result, we infer by
finite inductionon2 <j <k

e = C(” Qo msi-1 T H Q si-1 T HR Hs,j)
+ C (1l i + VA Ve ) (1Q0l| -2 + 1
The result is proved. O

Hs—lJ)'

[ VP

Hs—Li—2 + ||R Hsfl,jfl)-
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We now apply Lemma 4.1 to obtain several estimates on the solution to (4.5)-(4.6).

Corollary 4.2. Let s9 > d/2, s,k € N such thats > sy + % and 2 < k < s. Let
M,M,h, > 0. There exists C > 0 such that for any # € (0,1] and ¥ € R, for any
(h,u) € WE®((pg, p1))' T4, and for any (h,u,w) € HTYK(Q) x H*(Q)? x H*1(Q)
satisfying (denoting n(-, 0) := fgpl h(-,0") do’)

o the following bounds

B[ jyhoe + 8] jyrroe < M,

[

msk + ﬂHW

ps—1k—1 T || Vin ps—tk—1 T ”u

o the stable stratification assumption

Hs,kfl S M;

inf h h(x,0) > hy;
(x}geg_(QH (x,0) >

« the incompressibility condition
—(h+hVye-u— (Ven) - (U + dott) + dpw =0,

there exists a unique solution P € H**1(Q) to (4.5)-(4.6) and one has

1Pl 20y + 1 V5P s = € 1 1] s+ /2] Vi | i)

< (] o + VR V| gor + | @0 | s + V[ w0 [ gosa)  (417)
where we recall the notations u, := —KZJ%Z and wy := Kk Ayn — K%.

Moreover, decomposing

o
P = Py, + Py, Py, = / o'h(-,0") do’,
0

0

we have

Hs—l,k—l S C«/ﬁ(HVxn Hs—l,k—l + ’77‘

+ | ()

HpnhHLZ(Q) + H Vﬁapnh o=po | H;

Hsk + \/ﬁ” (W) W*)

Hs,k—l)’ (418)

and, setting A* =1+ ,/u|D|,

[Pan 2 gy + V£ Pan ] ricr = C o (A7 Ve

stk)(” (u, u,)

Hs,kfl + | (AM)_I 77 ’Q:)OO

Hj‘+1

Wi ) (@19)

SN (P{—

Hs,k + ” (Ws W*) Hs,kfl) + ”u*

Hs,k
Proof In view of Lemma 4.1, we shall first estimate (RHS), defined in (4.5). We decompose
(RHS) = R; + R,

where R; is constituted by terms involving maximum one derivative on ki, 0, u, #,, W, W, while

Ry :=—(h+h) ((E+ u+ u*) * Vy(Vy - u)) — (Vi) - ((E +u+ u*) : vxagu)
+ (E+ u-+ u*) - Vyxdow — ((E +utu)- Vx(Vxn)) : (H/ + dou).
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Appealing to the incompressibility condition
—(h+ W)V u— (V) - (@ + pm) + dpw =0,
we have simply
Ry = ((u+u+u)- (Vsh) (Vi w).

As a matter of fact, this term compensates with the second addend of Ry, so that contributions
from h are not differentiated. By inspecting the remaining terms and using Lemma A.3, we
infer thatforanyr > sp +1/2and1 <j<r <s—1,

|(RHS)|

i + [ Vin]

o S 0 [ g+ )

(1 +

Hr+l,j+1> .
(4.20)

aresied) () | grosjin + [ w) [ ) + | e ]

Owing to the fact that contributions from (h, n, w, w*) to (RHS) are affine, and u € (0, 1],
we have foranyr > so+3/2and2 <j<r <s

VB RES) |yt S 1+ iy + V]

< (1 groe + o) (L 00|

Hr-1i-1 + \/EH Vx’]’

i + V|0 i) + i wl

Hr—1j—-1 )

e i)
(4.21)
For the first estimate, we write (4.6) as (4.7) with Qp = 0, Q; = ﬁA‘l(RHS) and
_«/ﬁhvxﬂ
R={| 4 2 2
rn (L I Vanl®) — [ Vin|
where we used the identities

1+M|vx77|2 h(1+ﬂ|vx77|2) 2 h 2
_—0,P =/ =1 \Y% - —(1 \Y% .

Product (Lemma A.3) and composition (Lemma A.6) estimates yield if r > so + 1/2 and
l1<j<r=<s-—1

IRl ;s < Clh, |h|wfg°o’ Bl ggeis I V| ge) % ([B] s + V[ Van ] gri)s (4:22)
and, ifr > 5o+ 3/2and 2 < j < r < s, using the tame estimates, we obtain
IR] ey = Clas [B] yioes [ 1 prsiors VN V| grssod X (1] s 4 [ V] ) (423)

Plugging in (4.8) the estimates (4.21) and (4.23) with (r,7) = (s, k), and (4.22) with (r,j) =
(s — 1,k — 1), yields (4.17).

For the next set of estimates, we notice that, by (4.6), P — Py, satisfies (4.7) with ez41 -
= 0and Qy + /HAQ; + V&, - R = ju(RHS) + V4, - R where

=~ _ «/ﬁg—l(h+h)vx¢/> '_/‘Q .
= (MQ‘I(Vxn)-(ny,) V= n(-0") do’ + pon|

Indeed, we have immediately ez - T2|Q=p1 =0=0, (P — Pp) |Q=p1 and we infer

R|Q=,01

o0=po’

—Valcfe ‘R= v:lé@ : (AMVJI::Q(Beq + Ph))



578 (&) R.BIANCHINI AND V. DUCHENE

from (integrating by parts as in (2.5b))

0 0
Py = f o'h(,0") do’ = —on + / n(-¢") de’" + pon|,_, - (4.24)
Po o
By product estimates (Lemma A.3), we infer immediately for any r > sp+1/2and 1 <j <r

(Rl 5 (18 + Dl 210l ) (V04 g )- 429
Moreover, using the identity
Vi - R=1Vun - (0™ V) + o~ (h+ W)V - Vaip
we infer foranyr > so+1/2and1 <j <r
”vfég 'R| RIS <|h|wf°° + ”h| mri + ||Vx’7| Hw) <Hvx’7|
Finally, recalling A# = 1+ ,/u|D| and introducing
R, (f o~ (4 (A1) lh)«A“)—lvxw)

Hr+lj + |77|

- H;H). (4.26)

o H(AM)TIVn) - (AW TV,
proceeding as for (4.25) and (4.26) and using Id —(A*)"! = /u|D|(A*)~! and
H (AM)~1 HL2—>L2 = 1,foranyr > sp+ 1/2and 1 <j < r one has
H’J>

o S (1 + I

% (1AM Vs s + (A 0] ) (427)
We obtain (4.18), by setting Qp = w(RHS) and Q; = 0, and plug in (4.9) the estimates (4.21)
with (r,j) = (s,k), and (4.25) with (r,j) = (s — 1,k — 1). For (4.19), we set instead Qp =

W(RHS) + ng Ro andQ; = 0,R = R— RO, and plug in (4.9) the estimates (4.20) and (4.27)
with (r,j) = (s — 1,k — 1). O

|R—Ro|

i + [ Vio  Roll

i+ [ Van]

4.2. Small-time well-posedness

We infer small-time existence and uniqueness of regular solutions to the Cauchy problem
associated with the non-hydrostatic problem, (4.1), proceeding as for the hydrostatic system
in Section 3, that is considering the system as the combination of a transport-diffusion
equation and transport equations, coupled through order-zero source terms (by the estimate
(4.17) in Corollary 4.2). Specifically, we rewrite (4.1) as

Oth+ Vy - (B +h)(u+w) = kAsh,

3 v v,p i (14 2P =ehg
tu+((u+u—/<h+h) x)u—l—g x +( + (h+h)) x1 = (428)
18P oh
P _ Vow — — & &7 ,
tW+( +u Kh-i-h) W Q(h‘i‘h)

where n(-,0) = fgpl h(-,0") do’ and P is defined by Corollary 4.2. Systems (4.1) and (4.28)
are equivalent (for sufficiently regular data) by the computations of Section 4.1, and in
particular regular solutions to (4.28) satisfy the boundary condition w|Q:p1 = 0 and the
incompressibility constraint

(h+h)Vx-u+ Vin - ( + pu) — dw =0 (4.29)
provided these identities hold initially.
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Proposition 4.3. Let sy > d/2, s,k € N such thats > sy + % and 2 < k < s
Let ho, M,M, .,k > 0 and Cp > 1. There exists T > 0 such that for any (h,u) €
WE® ((pg, p1))' 14, and for any initial data (hg, ug, wo) € HTVK(Q) x H* () x HK(Q)
satisfying

o the following bounds (where 7o(-, 0) := fgpl ho(+, 0") do’)

‘h’wg,oo + ’ﬂ/ngfl,oo < ]\_/I

My = [

sk [ Vo s & 0] s + ol

o the stable stratification assumption

inf h(o) + ho(x,0) > h,,
(x,0)€2

Hs,k S M)

+ the boundary condition wy|o—,, = 0 and the incompressibility condition
—(h + ho) Vyx - ug — (Vxno) - (E/ + dpuo) + dpwo = 0,

there exists a unique (h, u, w) € C°(0, T; H*(22)2*9) and P € L2(0, T; HSt1k+1(Q)) solution
to (4.28) satistying the initial data (h,u, w)|t:0 = (hg, ug, wg). Moreover, the conditions
Wlo=p, = Plo=p, = 0 and the incompressibility condition (4.29) hold on [0, T] (and
hence the solution satisfies (4.1)) and one has n € L%°(0, T; H*tK(Q)) and (h, V4n) €
L2(0, T; HF1K(Q)) and

FskT = ||h||L°°(O,T;H5>k) + H Vx’7||L<><’(0,T;HSJ<) + “”“LOO(O,T;HS*) + ||W“L°°(O,T;H5>k)
+ |

ot T ok VEn] 2 rey < CoMo

with ¢g a universal constant.

Proof Since a very similar proof has been detailed in the hydrostatic framework in Section 3,
we will only briefly sketch the main arguments. As aforementioned, thanks to Corollary 4.2,
we may consider the contributions of the pressure as zero-order source terms in the energy
space displayed in the statement, and (4.28) is then interpreted as a standard set of evolution
equations. We now explain how to infer the necessary bounds on all contributions to F T,
assuming enough regularity.
. 1 2 . .

The desired control of Hh“ 1000, TS H) + cox’V/ || Vth 20 TsHsky 18 @ direct consequence
of the first equation of (4.28), and the regularization properties of the heat semigroup
already summoned in Proposition 3.1. The corresponding control of H Vxn” 1000, TSH) +

cok /2 H an || L2(0,THk) demands an additional structure. We recall (see (2.3) or (4.3)) that
by the identity 54.29) and integrating the first equation of (4.28), one has
an+ (u+u) - Van —w = kAxn. (4.30)

By the regularization properties of the heat semigroup, we infer (with co a universal constant)

1/2 ” V2

H Vx77||L°°(0,T;HS>k)+COK ’7“L2(0 T;Hsk) = H Vo HH5k+ 1/2 ” (utu)-Vyn— W”LZ(O T;HSk)

and the right-hand side is estimated by product estimates (Lemma A.3). Finally, the desired
a priori estimates on ||u|| L0 (0, THSK) and ||w“ 100 (0, T-H) for sufficiently regular solutions
follow by the energy method (that is integrating by parts in the variable x) on the second
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and third equations of (4.28), which can be seen as transport equations with source terms.
More precisely, by (4.17) in Corollary 4.2, we have the existence and uniqueness of P €
L2(0, T; HTVH1(Q)), satisfying the bound

||P||L2(0,T;H5+1’k+1) =< C(h*> Wk, M, -7:3,k,T)]:s,k,T~
Moreover, the advection velocity is controlled (using Lemma A.1,s — 2 > 5o + %, k> 1) by
Vih
|| A (E +u— Km) ||L(>O(O’T;LOO(Q)) < C(h*) K, FS,k,T);

and using commutator (Lemma A.8) and composition (Lemma A.6) estimates, one has for
any f € H*(Q),and any € N%,j e Nwith0 <j < kand |a| +j < s,

I [8;‘82,,2 +u— K%]vfoLZ(O,T;LZ(Q)) < C(hus 6, M, For1) |f|

Hs,k .
It follows

”“| msk T ”W| sk T HW0| skt Cﬁ) exp(CT),

e = (Il
with C = C(h,, u, k, M, Fe 7).
Altogether, and using standard continuity arguments, we find that for any Cy > 1 we
can restrict the time T = T (h,, i, k, M, CoMp) > 0 so that all sufficiently regular solutions
to (4.28) satisfy the bound F; ;7 < CoMy. We may infer the existence of solutions using for
instance the parabolic regularization approach (see the closing paragraph of Section 3), and
uniqueness is straightforward. This concludes the proof. O

Remark 4.4. Proposition 4.3 does not provide any lower bound on the time of existence
(and control) of solutions with respect to either 4 « 1 or k < 1, hence the “small-time”
terminology.

4.3. Quasilinearization of the non-hydrostatic system

In this section we extract the leading-order terms of the equations satisfied by the spatial
derivatives of the solutions to system (4.28). This will allow us to obtain improved energy
estimates in the subsequent section. Notice that starting from here, our study is restricted to
the situation k = s.

Lemma4.5. Lets,k € Nsuchthatk =s > % +% and M, M, h, > 0. Then there exists C > 0
such that for any u,x € (0,1], and for any (h,u) € W52 ((p0, p1)) x WETL2((p0, p1))
satisfying

B oo + (8] oo < M
and any (h,u, w) € L*°(0, T; H*(Q)412) solution to (4.28) (with P defined by Corollary 4.2)
with any T > 0 and satisfying for almost every ¢ € [0, T,

[t v + [0 | gorc + [0y &)
+ VRt | o + €D | o <M
(where n(t, x,0) := prl h(t,x,0") do’) and

inf h(o) + h(t,x,0) > h.,
(tx,0)€(0,T)x Q2

e Jact, ) | yex

the following results hold.
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~Denote, for any multi-index o € N and any j € N such that || +j < s, h®) =
%k, n @) = 3),3%n, u®) = 3,0%u, w) = 3,9%w, and P = 3,32 Py, with

o
Pnh = P_Pha Ph ::/ th(')g/) dQ/
0

We have
8@ + (u+ u) - Ve @ — W) — e Ay @D = Ry,

. . Pl .
0m ) + (u+w) - Ve + </ (W' + dpu) - Vi do’
o

P1 . .
+ f (h+ Vs - u®? dg’), )~ K80 =Ry
e =

. . 1 [e .
(CH)] (af) (C%)) (e,
0™ 4 ((u+u— k32 - Vi)u® +<QV77°” lozro 5»/,00 Vxﬂaj)d0/>j:0

Vi (CH)) nh
ol +m e = Kar

N <8tw(“’j) W(wJ)> _ L PPy . — Rt
i JEoh+h)

—0pw® + (h+ M)Vy - ul®) + (Vi) - (9pu'®))

+(Ve - wh® + (' + pu) - Vin'®™? = R,
(4.31a)
where for almost every t € [0, T], one has (Ryj(%, -), Rnh(t 9, R“h(t 9, Rd“’(t ) € L2(Q)4+3

and Ry 0(t,-) € C((po, p1); L*(R?)), and
| Rajll 20) + |Racolo=polp2 + [Raill 2y + | R [ 20) = €M,

I a,j”LZ(Q) + || RS HLZ(Q) < CM (1 +« | Vxh| o)
+ C(||h| msk T \/ﬁnvx’ﬂ stk)(M + ||u*| msk T \/ﬁ||w,| H5>k—1)’
(4.31b)
and
0h )+ (4 u) - Vih @D = ke Agh®D 4 1o + Vs - 1, (4.32a)
where for almost every ¢ € [0, T], one has (r,j(t, -), 7a,j(,-)) € L2 and
V2 a2 @ < CM. (4.32b)
Proof Let us first point out that the estimates for \Ra,ol 0=p0 | 12 Ry || 12Q) \ra ]|| L2(Q) and
Hra j ” 12(q) Dave been stated and proved in Lemma 3.3. Thus we only need to focus on the
other terms. In the following, we denote sp = s — % > %i.

Using the identity (already pointed out in (4.30))
On + (u+u) - Ven —w=kAxn,

and the commutator estimate in Lemma A.8, we find immediately

ol

ﬁ“»f = [3£32"2+ u] - Van, HR“JHLZ(Q) (| ‘WQ Lo + [ ul Hsk*
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Using the decomposition P = Py, + Py, as in Corollary 4.2 and the identity (4.24) we have
0 0
ViPy = / 0'Vih(-,0") do' = —0Vn + poVnlo=p, + / Van(-,0') do’,
Po Po

and hence the evolution equation for u reads

o
ot (et =5Vt D5l > [ Vante) de
- Y Q Jpo
Vi)
oGt )

Differentiating & times with respect to x and j times with respect to o yields the corresponding
equations in (4.31a), with remainder terms

1
+ vapnh + ag nh = 0.

ho_ R
Ry} =Ry — [af 8%, Q(Hh)]a Pah,

using the notation Ry j for the hydrostatic contributions introduced in Lemma 3.3. The first
addends have been estimated in Lemma 3.3, (3.5b) (when j = 0) and (3.6b) (whenj > 1).
We now estimate the second addend as follows. By the commutator estimate in Lemma A.8
with k = s > so + 3/2, we have

0o Pnn |

J Vi _Van
|| [BQB L+h)]a Pan ||L2(Q) ~ ” o(h+h) | Hsk Hs—Lk-1-
Then by tame product estimate Lemma A.3 and composition estimates in Lemma A.6, we

have

”% Hs,k i C(h*> h|wk,oo> h| Hsfl,kfl)(||h| Hs,k er)‘ Hsfl,kfl + H v3(?77| Hs,k)
and there remains to use estimate (4.18) in Corollary 4.2 to infer
“ oc;”LZ(Q) < C(ha M, M) M (1 + K” Vxh| Hs)k)
+ C(h*aM’M) «/ﬁ(“hl Hs,k + H v,7677| Hs,k)(M+ || u*| Hs,k + \/EHW*| Hs,k71)~
Now consider
R = — /908 u+ u] - wa+xf[af a2, ,Y;h] Vaw + L [00%, ok 10,P.
We have, by Lemma A.8 with k = s > 59 + 3/2,
\/ﬁH[%B;‘,u +ul- VxW”LZ(Q) S \/ﬁ(|2/|wg—1>°° + ||u| Hs’k) ||wa| Hs—Lk=1>

and similarly, using tame product estimate Lemma A.3 and composition estimates in
Lemma A.6 as above,

N[00, k] - Vewl 2y < /i Cllao MM ([ ok + [ Veh o) [ ] s
and
NG 18502, —t 5100 Pa | 2y < 7 CChas My M) || | s | 90 P | -1
Collecting the above and using estimate (4.18) in Corollary 4.2 yields
”R ]||L2(S2) < C(h, M, M) M (1 + "H Vxh| Hs)k)
+ Clla My M) ([ g (M + [ s + o[ )
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Finally, we consider the remainder (stemming from differentiating the incompressibility
condition (4.29))

Rgl}] = (%32‘ (hVy - u) — (h(“’j))vx cu—hV, - u(a,j))
+ (%83((3gu) (Vi) — @ou'®) - (Vi) — Bpm) - (V@)
+ (502 1V - w) — WV - u®D) + (502 W - Ven) — o - Vin@?).

Using Lemma A.9 for the first two terms and direct estimates for the last to terms, and k =
s>so+5/2,

[RE | < I

Hs—Lk-1 H Vi - u| ps—tk—1 T ” 8Q“| s Lk—1 || vx77|

+ | Hsfl,kfl

S (1o + 19 yggee + 1l gories + o] o) (I
This concludes the proof. O

Hsfl,kfl

By [ Vi

Hs—Lk—1 + ||£/|| WS’OO ||Vx77|

it + 8] gs)-

4.4. Apriori energy estimates

In this section we provide a priori energy estimates associated with the equations featured
in Lemma 4.5. We point out that such estimates concerning h®/ solving the transport-
diffusion equation (4.32a) have been provided in Lemma 3.4. Corresponding estimates for
Vxn stemming from the first equation of (4.31a) are easily obtained. Hence we consider the
remaining equations in (4.31a). Specifically, recalling the notation 1 = n(“’j),h = h@) 4 =

u@) = W) P = Pr(li’j), we consider the following linearized system:

P1
9+ U+ u) - Vi) + f (W + 8ou) - Vs + (h+ W) Vs - it) do — kA = R,
0
; Vih . . e_ .., . Vin S
0 (3 + ((w+u — ke 2p) - Vi)it) + poVaillo=py + | Varido' + ViPoh + i 0o Pan = R,
PO =
. v, h . 1 9oPah h
Jﬁg(atw+u(g+u—xh+h)-vxw) — ﬁh-ﬁ-h =R"™,
— oW+ (h+ W)Vy - 1+ Vany - dpit — (9g7) Vs -t + Vi) - (u + d,u) = R,
(4.33)
where we denote as always (-, 0) = /Qm h(-, 0) do.
We shall use the following definitions of the spaces Y° and Y!
Y0 = C%([po, p11; L*(RY)) x L*(2)% x L*(Q) x L*(Q), and
(4.34)
1. Ll ond+3 . 1,mpd _ _
v!= {(n,u,w,P) e HW(@™ n|,_, e H'®RY, w|,_, =0,P|_, —0}.

Lemma 4.6. Let M, h,,h* > 0 be fixed. There exists C(M, h,, h*) > 0 such that for any
k > 0and u > 0, and for any (h,u) € WL ((py, ,01))1+d andany T > 0 and (h,u,w) €
L0, T; WH®(Q)) with Agh € L0, T; L°(R2)) satisfying (4.28) and, for almost any ¢ €
[0, T, the estimate

”h(t’ ')”LOO(Q) + H Vih(t, ')||L§°Lg + ||Vx -u(t, ‘)HLOO(Q) =M
and the upper and lower bounds

Y(x,0) € @, h. < h(o) + h(t,x,0) < h*;
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and for any (), it, , Pay) € CO([0, T]; YO)NL2(0, T; Y') and (R, R*P, R™M, RV € 12(0, T; Y?)
satisfying system (4.33) in L(0, T; Y'Y, the following inequality holds:

d, ... . .
55(77’”’ W) + 5 Vx””iZ(sz) + pO"|Vx’7|g:p0|i§
= O+ o + g )G )
+ C(M+ [+ 3pu] ooy ) [ Pab | 20y (1907 120y + [ Vot 2
+ ||P1.1h “LZ(Q) “Rdiv”Lz(Q) + CEG, a1, W)I/ZS(R, Rnh’Rnh)l/z’

where we denote

o1 . ) 1 .
[ [ e@miab + nothyi? drdet [ iPlomp dr. @35
0 Rd 2 R4

N =

Emu,w) =

Proof We test the first equation against € L?(0, T; HH(2)) and its trace on {(x, pg), X €
Rd} against ponlo=p, € L(0, T; H;(]Rd)), the second equation against (h + h)iz €
L2(0, T; H'(2)?) and the third equation against \/u(h + h)w € L?(0, T; H1(2)). This
yields:

d. ... . :
§S(n, u,w) +« ” Vx’)||12_2(9) + K|Vxn|gzpo|i}c

P1

= _((E +u) - Vi), ﬁ)Lz(Q) - ( ' + dou) - Vi do, 77) (1)

e L%(2)

P1 .
- (/ (h+h)Vy - i do’, ﬁ) + (R () (ii)
0 L2(Q)
e

- (Povxmgzpo’ (h + h)u)LZ(Q) - </ Vx'l dQ/’ (h + h)u) (IV)

ro L2()
- (pr;lh’ (b + h)u)LZ(Q) - ((aQPnh) er]) u)LZ(Q) + (Rnh) (b + h)u)LZ(Q) (V)

P1
— Lo ((E + u)(follgzpo), 7.7|Q:p0)L2 — Po ( (E/ + dou) - Vi) dQ/’ 77|Q=po> (viii)
* 0 L2
PL . /] . .
— Po </ (h + h)(vx . u) dQ > nlgzpo) + (R|Q=Po> 77|Q=,00)L2 (iX)
po 12 ¥
1 .. H -

+3 (e@hmyinit) 5 o) + B (e(@h)W, W) 12 - (x)

Some terms have already been treated in the course of the proof of Lemma 3.5: the second
term in (i) and the second term in (viii) require ¥ > 0; the first terms in (i), (viii) are advection
terms; the first addend of (ii) together with the second term in (iv) after integration by parts;
the first addend of (iv) with the first term in (ix). The contributions in (iii) compensate with
the first addend of (x), using the first equation of (4.28) and, in the same way, the contributions
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in (vi) compensate with the second addend of (x). It remains only to deal with the contribution
frm the non-hydrostatic pressure terms in (v) and (vii), and remainder terms.

Consider the sum of the first two terms in (v) and the first term in (vii). We integrate by
parts in x the first term and in g in the last two terms. Thus we have

- (prnh; (h + h)u)LZ(Q) - ((agpnh)vxn) u)LZ(Q) + (aQPnhs W)LZ(Q)
= (Pnh> (h + h)vx : u)LZ(Q) + (Pnhvx7% agi’)Lz(Q) - (Pnh’ agw)Lz(Q)>
where we used the identity # = —d,7 and the boundary conditions Pl o=po = Mlo=p, =
Wlo=p, = 0 when integrating by parts with respect to o. Using the last equation in (4.33)
(stemming from the incompressibility condition), the above term reads
(Pans (Vi - ) @p1) — (' + 9pm) - V) + R™) 5
These terms, alike remainder terms

(R 1) 12| + | (Rlo=po- ’7|Q=ﬂo)Lg| + [ (R, (h + mit) 2| + VEIR™, (b + mW) 20|

are bounded by Cauchy-Schwarz inequality and using poh, < o(h + h) < p1h*.
Altogether, we obtain the differential inequality

2
0=p0 ’L,Zc
<CEM,i,0) + Cllu' + BQ”HLgL;og(’?’ i,0)/? Vel 120

+C(M+ o + gu] oo o) [ P 120 (1921 20y + [ V| 20)
+ |Pan 20 IR e T CEGL L, w)1/2€(R, R™P, R 1/2
with C = C(h,, h*, M), and the desired estimate follows straightforwardly. O

d_. ...
55(77, u, W) + K H vaniZ(Q) + ,OOK‘VxTI|

Remark 4.7. Lemma 4.6 will be applied to the system (4.31a)-(4.31b) appearing in

Lemma 4.5, when j = 0. A similar result holds for the simplified system when j 7 0. The main
difference is that the result does not require nor provide the control of the trace 8£,77 ’szo'

4.5. Large-time well-posedness

We prove the large-time existence of strong solutions to system (4.1). As for the hydrostatic
system, large time underlines the fact that the existence time that is provided by the following
result is uniformly bounded (from below) with respect to the vanishing parameter x € (0, 1].
Besides, the result below keeps track of the dependency of this large time-scale on the
diffusivity parameter « € [, 1].

Proposition 4.8. Let s,k € N be such thatk = s > % + % and M, M, h,,h* > 0. Then,
there exists C > 0 such that, forany 0 < pu < ¥ < 1,and any (h,u) < W ((pg, p1)) x
WKL (g, p1))? such that

B oo + |8 yioe < M

for any initial data (ho, ug, wo) € H¥*(2)%+2 with
Mo = |10 s + |0 | gos + /220
AT N

+ 12| o

Hsk + | 1o |Q=p0 HS Hsk

Hs,k 5 M)
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and satisfying the boundary condition wg|,—,, = 0 and the incompressibility condition
—(h+ ho)Vx - g — (Vxno) - (' + dyup) + dpwo = 0,
the lower and upper bounds
V(x,0) €2, h.=h(@)+ho(x,0) <h",
and the smallness assumption
_ 2
Ce™! (‘E/‘Lgo +M3) =1,
the following holds. Denoting by
- - 2
Tt = 0 (14 (w2, + M),

there exists a unique (h,u,w) € CO([0, T]; H**(Q)**%) and P e L2(0, T; HSTPA1(Q))
strong solution to (4.28) with initial data (h, u, w)| —o = (hg, ug, wo). Moreover, one has
n € L®(0, T; H*tY%(Q)) and (h, Vi) € L*(0, T; HTVK(Q)) and , for any t € [0, T], the
lower and the upper bounds hold

V(x,0) € 2, he/2 < h(o) + h(t,x,0) < 2h*,
and the estimate below holds true

F®) = |n@t, )]

(ta )

ok + ) | ot + 12wt ) | o + [0

0=po H;
+ Kl/z || h(t’ ) ”Hs,k + /-’LI/ZKI/Z H Vxn(ts ) ‘ Hsk
+ it | Vi ||L2(0,t;H5>k) + K1/2|Vx”|Q:po |L2(0,t;H;)
+ vxh||L2(o,t;HsJ<) + !k V)%HHLZ(OJ;HSJ‘) = CMo. (4.36)

Proof As for the large-time existence for the hydrostatic system (see Proposition 3.6), the
proof is based on a bootstrap argument on the functional F. Recalling that the (short-time)
existence and uniqueness of the solution has been provided in Proposition 4.3, we denote by
T* the maximal existence time, and set

T, =sup{0 < T < T*: Vte (0, T), ho/2 < h(0)+h(t,x,0) <2h* and F(t) < CoMy},
(4.37)
with Cy = C(h,, h*, M, M) sufficiently large (to be determined). Henceforth, we restrain to
0 < T < T,, and denote by C any positive constant depending uniquely on M, k., h*, CoMy
and s, k.
By means of (4.32a)-(4.32b) in Lemmas 4.5 and 3.4, we infer as in the proof of Proposi-
tion 3.6 the control

1/2
wl/ ||h||LoQ(0)T;HS,k) + K ||VthL2(0)T;HS,k) < (CQMO + C CoM, (T + ﬁ)) X exp (CCOMO T)
(4.38)
with the same notations as above and ¢y a universal constant. In the non-hydrostatic

situation, additional controls can be inferred on 7. Indeed, from the first equation in in
Lemma 4.5, (4.31a)-(4.31b), we find that

8@ + (u+ ) - V@ = k Agn@ + Ry + W@
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with
«/ﬁ“ﬁa,j +w@) ”LZ(Q) = CGMo.
Differentiating once with respect to the space variables and proceeding as in Lemma 3.4, we
infer
il H Vsl ||L°°(O,T;Hs’k) +u! H Vin ”LZ(O,T;HSJ‘)
< (C()M() 4+ CCoMy(T + ﬁ)) X exp (CCOM() T) (4.39)

Next we use again Lemma 4.5, (4.31a)-(4.31b), together with Lemma 4.6 (see also
Remark 4.7) to obtain that the functional

1

k S_] . . .
er=23 Y // @022 + o(h + W) [8,0%ul® + po(h + ) (@h0%w)? dxdo
Q

j=0 |oe|=0
1 S
+ 2 Z /d(axamg:po)z dx,
lej=0 YR

satisfies the differential inequality

d
& SVl i+ ook |V [y < C(Ry+ R+ Rs)s (4.40)
with
Ris= (14 ko + guf 1 )%,
Ry := (CoMo + [ + 89“||L50Lg°)”Pnh ek (1t s+ [ Ve[ )
Rs := “Pnh HHSvk “Rgig||L2(sz) + (gs’k)l/z “R&k”Lz(Q)’
and
IR | 2y = € CoMo, (4.41)
”Rs,k ||L2(Q) < CCoMo (1+« || Vih Hs:k)
+ C (”h Hsk + “’1/2 || Vxn H:,k)(COMO + || U, Hsk + Ml/z H Wi Hs,k) . (442)
By (4.37), we have obviously for any 0 < ¢t < T,
1 2
Wﬁﬁ”‘(o < [t ) ggor + [0t ) g+ 11 w8 i+ 1],y (8 ) s < Mss’k(t).
Moreover, we have the following control on u, := —K% and w, = KAxn — K%

stemming from (tame) product and composition estimates (Lemmas A.3 and A.6), and using
that u <« < 1:

H”* HLZ(O,T;HSJ‘) + /2 ||W*”L2(O,T;H5'k) < CCoMo(1 +VT). (4.43)

Finally, using estimate (4.18) in Corollary 4.2 yields
[Panll i = [Pl 2 + [ VsoPab o1 = [Panll 2+ 172 Vg P
= C (|| Van V2

Hs— 1Lk—1

Hs,k—l > >

e [CAD)

Hs—l,k—l + ‘77 Hs,k + ,LL H (W) W*)

0=po
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from which we infer, using the controls (4.37) and (4.43), that
| Pot | 20,158y < € CoMo(1 + V). (4.44)
From (4.37) and (4.41)—(4.44) we infer

T
/ Ri(t)dt < C(CoMo)*(1 + &~ |g’|,2_5 +kH(CoMo)*) T,
0
T
| R e = e (oo + i) (Codo* 1+ VTP,
0 4

T
f Rs(t) dt < C(CoMo)*(T + ~/T)
0

+ C(CoMo)* (T + CoMoV/'T + 12 (CoMo) (T + V).
Hence there exists C > 0, depending on M, h., h*, Cy, My (and s, k), such that if
CT (14w [, + M) < 1,
and imposing additionally 7 that
Ck ™2 (CoMo + MLZ") < Lpoh. (4.45)

we have, when integrating the differential inequality (4.40) and combine with (4.38)
and (4.39),

E5(t) < £%5(0) + F(poha) (CoMo)* .

Now, setting Cp = max({4(£é—Z:)1/2, 8cp}, and C accordingly, one has F () < CoMyp/2
for all 0 < ¢t < T. We obtain as in the proof of Proposition 3.6 the lower and upper bounds
2h./3 < h(o) + h(t,x,0) < 3h*/2, augmenting C if necessary, and the standard continuity
argument allows to conclude the proof. O

5. Convergence

This section is devoted to the proof of the convergence of regular solutions to the non-
hydrostatic equations (2.4) toward the corresponding solutions to the limit hydrostatic
equations (2.5), namely Theorem 2.2. Our convergence result holds in the strong sense and
“with loss of derivatives”: we prove that the solutions to the approximating (non-hydrostatic)
equations converge toward the solutions to the limit (hydrostatic) equations in a suitable
strong topology that is strictly weaker than the one measuring the size of the initial data.
For a given set of initial data, we use the apex h to refer to the solution to the hydrostatic
equations (provided by the analysis of Section 3 culminating with Theorem 2.1), and the apex
nh for the corresponding solution to the non-hydrostatic equations (provided by the analysis
of Section 4, specifically Proposition 4.3). The apex d denotes the difference between the non-
hydrostatic solution and the hydrostatic one, whose size will be controlled in the limit ¢ N\ 0.
While we can appeal to Theorem 2.1 to obtain the existence, uniqueness and control of
solutions to the hydrostatic equations over a large time interval, Proposition 4.3 provides

’We point out that the only term requiring the above smallness condition (4.45) on the initial data is (the time integral
of) Ry, and more precisely the product ||Pnp || ysk | V71 | sk, where both terms are only square-integrable in time.
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only a time interval which a priori vanishes as i\ 0, and Proposition 4.8 only applies to
sufficiently small initial data. The standard strategy (used for instance in [64] in the context
of weakly compressible flows) that we apply here relies on a bootstrap argument to control
the difference between the non-hydrostatic solution and the hydrostatic one in the time-
interval provided by the hydrostatic solution, from which the existence and control of the
non-hydrostatic solution (again, with loss of derivatives) can be inferred. We perform this
analysis in Sections 5.1-5.3, where we first provide a consistency result (Lemma 5.1), then
exhibit the (non-hydrostatic) quasilinear structure of the equations satisfied by the difference
(Lemma 5.2), and finally infer the uniform control of the non-hydrostatic solution and the
strong convergence toward the corresponding hydrostatic solution (Proposition 5.3). In a last
step, in Section 5.4, we use this uniform control to offer an improved convergence rate based
this time on the structure of the hydrostatic equations (Proposition 5.4). Propositions 5.3
and 5.4 immediately yield Theorem 2.2.

5.1. Consistency

In the following result we prove that solutions to the hydrostatic equations (2.5) emerging
from smooth initial data satisfy (suitably defining the horizontal velocity and pressure
variables) the non-hydrostatic equations (2.4), up to small remainder terms.

Lemma 5.1. There exists p € N such that for any s,k € N with 0 < k < s, the following
holds. Let M, M, h,, h* > 0 be fixed. Then there exists Cy > 0 and C; > 0 such that for any
K € (0,11, any (h, u) € WP ((pg, p1))! T4 satisfying

|

/
oo+ U] kpro <M
W§+POO + |_ Wngp oo = IV,

and any initial data (hg, ug) € HSTPAP(Q) satisfying the following estimate
Mo = |nol

o + €2 ol

He+pktp T “”0| He+pk+p T |’70| Hetpkip =M

0=po

(where we denote no(-, 0) := [ Qp "ho(-, 0") do’) and the stable stratification assumption

inf h, < h(o) + ho(x,0) < h*,
(%,0)€Q

there exists a unique (b, u?) e C°([0, T]; H*+P*+P(Q)1*9) strong solution to (2.5) with
initial data (h", uh)| —0 = (hg, ug), where
T = Co (1 4+« (|u]2, + M2)).
o
Moreover, one has for all ¢t € [0, T1,
V(x0) €Q  h/2<h()+h(tx0) <21,
and, denoting n(-, 0) := pr1 hP(.,0") do’ and
h . ’ h ’ h I h / N h ’ /
w'(h0)i=— [ (B@) +h" (0N Vx-u'(,0) + Vin'(-,0") - (W (0) + dpu’ (-, 0")) do’,

0
(5.1)

o
P"(-,0) = / o'h(, 0" do’, (5.2)
P

0
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one has for any ¢ € [0, T1,

(Bt )P (8, a0, Wt ), PP () | gesikn < CL Mo, (5.3)
and

O™ + V- ((h+ BN+ u")) = i Ach",

h \Y h
Q(Qtuh + (@ — el Vx)uh) VP J’;”hh (8P" + oh™ =0,
B - (5.4a)
h h h 9pP" oh" h
,ug<8tw +(g+u —Kh+hh)- W ) - It +h+hh = uR",
—(h+ M)Vt — Ve - W+ 9,u") + 3,w" =0,
with RR (¢, -) € CO([0, T]; H*(2)) and satisfying for any ¢ € [0, T],
|R™(t, ) || o < C1 Mo (5.4b)

Proof From Theorem 2.1 we infer immediately (for p > 2 4 d/2) the existence, uniqueness
and control of the hydrostatic solution (h", u") € C°([0, T]; H**P*+7(Q)!1*9), and Cy > 0.
From the formula (5.1), (5.2) and product estimates (Lemma A.3) in the space H sHp ket ()
(for 1 < p’ < p sufficiently large) we infer the estimate (5.3).

We obtain similarly the desired consistency estimate, (5.4a)-(5.4b), using the identity
(recall (4.24))

Q
P'+ ot = / n"(.e"de’ + pon"|,_, -

0

and denoting

h
RM = Q(Btwh + (g—f— ul — KZth) . wah),

differentiating with respect to time the identity (5.1), and using (2.5) to infer the control of
9,ul and 9,wh. O

As a corollary to the above, we can write the equations satisfied by the difference between
(h", uh, wh), ie. the maximal solution to the hydrostatic equations emerging from given
regular, well-prepared initial data, and (h™", ™, w™"), i.e. the maximal solution to the non-
hydrostatic with the same data (see Proposition 4.3). Specifically, under the assumptions and
using the notations of Lemma 5.1, we have that

hd — hnh _ hh; ud — unh _ uh; Wd — th _ Wh;
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satisfies (h, ud, wd)it:0 = (0,0,0) and
0ch? + Vi - (4 w™h? + (h+ HMut) = e Ak,

O + (w+u™) . Vet 4 f

P1 P1
W + dou™) - Ven® do’ + / (h+ H"™)V - ut do’
o Q

P1
+/ ud Vit + 1AV, b do = kAS,
0

nh Lo 1 [e
Btud + ((E-l- u™ — g V"Znh) : Vx)”d + vaﬂd|g=vo + 5 / Vxnd do’
P

h+
h
d Ve yph h . VP V™
+((u _K(b+hnh _b—s-hh)).vx)u + Q@+hnh)agpnh20’
d h Ve hh d d A v h 9o Pnh h
(3w + (u+ u® _Kh+hnh) Vaw® o+ (= k(G — ) Vaw ) — S — R,

—(h4+h"MVy - ud — BV U — Vet @ 9,6 — Vet - (9u) + 8wt = 0,
(5.5)
where we denote as usual 7" (-, 0) = fgpl h(-,0") do’ (and analogously n™, n9), and define

the non-hydrostatic pressure Py, (-, 0) := P™(, 0) — pQO o'h"™ (-, 0") do’ where P™ is defined
by Corollary 4.2.

5.2. Quasilinearization
In this section we extract the leading order terms of the system (5.5), in the spirit of

Lemma 4.5.

Lemma 5.2. There exists p € N such that for any s,k € N such that k = s > % + %i
and M, M, h, > 0, there exists C > 0 and C; > 0 such that the following holds. For any
0 < <« < 1,and for any (b, u) € W*P2°((po, p1))!* satisfying

’h|WS+‘D’OO + ‘E/|W§+p71,oo <M;

and any (hnh’unh’wnh) e CO([O, Tnh];Hs,k(Q)d-i-Z) and Pnh e LZ(O, Tnh;HS-‘rl,k-i-l(Q))
solution to (4.28) with some T™ > 0 and satisfying for any ¢ € [0, T""]

L OR] PR [ OR] e D] M e L O] P T LGBl
+ K1/2 ||hnh(t’ ) ||H5,k + MI/ZKI/Z || vxr]nh(t) )|
(where n"(¢, x, Q) = f gp Upnh(t, x, 0') do’), the stable stratification assumption

Hs,k

Hsk =< M

inf h(o) + h"M(t, x,0) > h,,
(x,0)€QR

and the initial bound
Mo = "™ ]
+ 0™
we have the following.

Denote (hP, u, wh) e CO([0, TM]; H+1A+1(Q2)2+9) the corresponding strong solution to
the hydrostatic equations (3.1) (see Lemma 5.1) satisfying

||hh(t)')} stk T ||uh(t")| stk T ||77h(t)')} stk T ||Wh(t: )|

He+pktp T ” ”nh|t=0| sk

L Lo

Q=p0)|t=0 Hstpk+p = M,

Hs+Lk+1 = CIMO
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and, for any multi-index & € N¥ and jeNsuchthat0 < |e| +j <,
n(a,j) — a;taénnh_a;za{mh; u() .— a;taéunh_agaéuh; W(oc,j) — azcaéwnh_a;taéwh;
and Pp" (-, 0) = 020} (P™ (-, 0) — [ 'h™(,0") o).

Then restricting to ¢ € [0, min(T?, T°P)] and such that

Fog = ||| 1/2

]

iy + 0 e 10

e e “ Vx’)d”Hs,k <«'*M

Hs’k+’n ‘Q =po
+K1/2th

Hs—l,k—l + H Ud‘ Hs,k

s
we have
@ + (u+u™) - Ven @) 4w — e Ay = Rej,

; . P1 .
o + (u+um™) - Ve + < / W + 9pu™) - Ven ™ do’
4

P1 . .
+ / U BV D d0)) | =i = R

J h Vxhnh i 1 e ¥
0™ + ((u+u™ — K gt Vi)u®? +< 0 v ”(m])|g =po 5 /po Ve dQ,>j:o

1o (@) Ve (a;) nh
g VePan o foPan” = Res
(e,f)
1 8QPnh — Rnh
1/2 oth+ hnh) o)’
— 0w ™ + (b + Yy D 4+ Bu™) - Vin'®?
+(Vs - WD - (V™) - (@,uP) = REY,
(5.6a)
where (Rej(t, ), Ry's(t, ), R'i(t, ), RGY) € LX ()3, Rao(,-) € C((po, p1); L*(R?)) and

2 (3 4 T ) -

||thJ ||L2(S2) + |R°t0| |L2 + ”RaJ HLZ(Q) + ||Rd1V ||L2(S2) = CFsk (5.6b)

0=po

”RE}; ”LZ(Q) + ||R ||L2(§2) 9 (]:&k + "H Vxhd| msk T w'i ” A96’7d| vak) +Cu'l’M,
(5.6¢)
and
Bth(“’j) + (u+ unh) . Vxh(""j) _ KAxh(""j) = taj+ Vi - Tajs (5.7a)
where (7a(t, ), fa(t; ) € L*(€2)'* and
I/ZHr"‘J“LZ(Q) + ||r“J“L2(S2) = CFsk. (5.7b)

Proof Explicit expressions for the remainder terms follow from (5.5). Specifically, the follow-
ing equation is obtained by combining the second and last equation (recall (4.30))

It + @+ u™) - Vend + ud - Vet — wd = kApd
and hence
Ruj o= —[0%3), u + u™] - Ven? — 920} (u® - V),
and it follows from product (Lemma A.3) and commutator (Lemma A.8) estimates

" o) ([n°]

pooir [ )

s+ "]

”R“]HLZ(Q) (|” ’w" Lo + ||”
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Then, from the second equation we have

R“] — R(l) +R(”)

with R(I) [8“8],11 + uhy. Vxn and
o
W f"l 3%, doum] - Vend + [9%, PV, - ud + 8% (ud - Vet 4+ 14V, - uP) do’ ifj =0,
T o) o ((u + Bpunh) - Vet + (h+h“h)Vx ul 4 ud VR RV uh) > 1

Using Lemma A.3, Lemma A.8 and the continuous embedding L*>((po,p1)) C
L*((po> p1)) C L' ((p0, p1)) we find

okt [

e

prs-tk-1 T ||77“h| psik-1 T ||uh| Hs+1,k—1)
X (1 sacr + g + ]

where for j = 0 we used the identities (and Lemmas A.1 and A.7,(3) and (3))

”R"‘JHLZ(Q) < (|E/|w§*1*°° + ||”nh|

Hs—Lk-1 )

P1
/ [05, 9gu™-Van '+, B Vi-u do’ = f (055 9pu"™, Ve I+ B, Vieud] do’
Q

01
+ / oFu™ - Vb + (9F0™) (Vi - dpu) do’ + 0Fu™ - Ven + (9™ (Vi - u)
o
and
P1 P1
/ 9% (hiV, - ul) do’ = / (0%, Vs - ulThd + (8219 (Vs - 9™ do’ + (90 (Vi - uh).
o o

This yields the desired estimate for ||Ra j H 12y and the corresponding estimate for

(€2)
|Ra,0 lo=po | 2 relies on the additional estimate (stemming from Lemmas A.7(2) and A.1)

|(R(l + oy u " Ven )|Q po|L2 = |[aa;”nh|9=po’vxnd|g=po]|Lgc S “unh| ’7d|9=po
Then, we have

REY = (028}, h]Vy - u + [0 8, ] - Vi

Hsl H'

+ (920, K"V - ud + [020], Vi - w10 + Vi - (b — w02 3 1
+ [a;‘afg, o™ - Vend + [a;‘&g, Vil - 8pud 4 V(g — n™) - 828} 9,uC.

Decomposing h" = kP + hd, 8Qunh = aguh + 8Qud, some manipulations of the terms to
exhibit symmetric commutators and the use of Lemmas A.8 and A.9 lead to

”RdWHLZ(Q) (|h‘wk°° + ’” ‘w"” + ”hd‘

Hslkl+’|au|

Hsfl,kfl
+ ||hh| msk || Van" |Hf’k + “u |HS+1J<+1) x (H” |H5)k + ” ”d| psk-1 T ||hd| Hs—l»k—l)
which concludes the estimate (5.6b).
We focus now on ”Ra; ”LZ(Q) and ||Raj ”LZ(Q) We have
Ry = [0%0), (u+ u™? — Kh;ﬁ‘;h) - Vilud + (929) (2Vendlo=p + 3 [ Ven® do')),.,
+020h (! — e (T — I0)) - T)u) + (920, L19Pun + [020), —F=0510, Po,

nh
RA = 202 0h, (u+ u™ — e ) - Vw4 1 2020) ((uf — e (RIS — B0 v,
— A7 1000, iy 100 Pab — p'2og 9 R"
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where RP is the consistency remainder introduced in Lemma 5.1, (5.4a) and estimated
in (5.4b), namely
i ph
0% 3R

@ S Mo =M.

Let us estimate each contribution. In the following, we shall use repeatedly that 7% < «1/2M
and hence ” hd sk < M. As a consequence, by Lemma A.6 and the triangle inequality,

< C(h*; ‘h| WS,OO ” hl’lh Hs—l,kfl) ” hnh

|| jnh
h-hoh
By Lemma A.8, we have

Hsk = Hsk = C(h*>M! M)M

(028, (u + u™) - Vidul | o) + 1172 (020, (u + u™) - Vi Iwd l@

Hs—Lk— 1) = C(M M)fsk

()
S (P i PO (AT

By Lemmas A.9, A.3 and A.6
nh nh
105 35, (:j};,nh V) Jul ||L2(gz) S “%

< 1%

Hs—Lk—1 +M1/2“V W

qud

Hsfl,kfl

nh
HSk(1 + ” hjl_hnh Hsk)]:s,k
Hs,k)‘/—-;,k'

< C(h*,% M)(M + || Vehd

Hs,k

In the same way, we have

w2 12a), ( Zﬁz V) W 12y < Clto, My MY(M + | Vih | s Fok
Whenj > 1,
0
“aaaj(g x7 |Q po)”LZ(Q) + “aaa]( /p Ve de) HLZ(Q)
0
N |Vx77d|g:po H! + ” Vxnd etk =< Fske

By Lemma A.3, we have

” afaé(("d ) Vx)”h) HLZ(Q) + !’ || 83%((”(1 : Vx)Wh) ||L2($2)
S L P (A2 P L e

By repeated use of tame estimates in Lemmas A.3 and A.5, we find

Hs,k) S C(M)M)‘Fs,k

i nh h d d nh
|| agaé((z_i:nh - L Zh) Vx) )”LZ(Q) 5 || Zjﬁh + (h+P;1nY;‘(hh+hh) Hs,k quh Hs,k
S C(h*>M> M)M(” Vxhd Hs,k + M”hd Hs,k)’
and similarly
“UZHaan( hvi};l:: - pH_hh) \4 ) )HLZ(Q) < C(h, M, M)M(HV hd Hsk +Mth HSk)

Contributions from the pressure remain. By direct inspection, and since |e| +j— 1 <s—1,

6835, 219<Pon | 2y S | VPah

By Lemma A.8 and since s = k > §+§l

o5 2,

(Q) Hs—l,k—l .

using the above and Lemma A.1

0o Pnn

g(h+h“h)]89 nh”LZ(Q) ~ H Q(h+hnh) Hsk Hs—Lk—1

< Che M, M) (M + | Vi

Hs)k) H 9o Prh Es—Lk—1
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Similarly,
i nh
|| [a;cx aé’ Q(hihnh)]agpnh HLZ(Q) S (| Q_lh | Wg,oo + ” Q(h}:‘hnh) Hs,k) || aQPnh Hs—l,k—l
S C(h*; A_/I) M) || 8Qpnh Hsfl,kfl .

Altogether, and using F; x < «/2M and u < Kk, we find
IR 20y + RSS2y = Clhar M, M) (Fie+ || Vich

Hs,k + M71/2 || V;;lcfQPnh

Hsfl,kfl ) .
(5.8)

Now, we use Corollary 4.2, specifically (4.19):

| Vo Pan psk + | (A I

i < Clh ML M) g ([ (A% 7V

H,Sc+1

nh )
Hsk—1 )

w
and Wi := kK A"t —

0=po

+ || (unh’ uilh)

msk-1 T ” )

R [ o

Hsk

_ Vxhnh
et

where we recall the notations A* := 1+ ,/u|D], ufh =

Vxhnh.vxnnh
he+hoh

. Then we use on one hand that
|| (Au)ilhnh ||Hs,k71 = ||hh HHs,kfl + /’Lil/z th”Hsfl,kfl g M + /'Lil/z]:s,lo
and, similarly,
(A"t

|(Aﬂ)71nnhi

Hsk = H er]h

HL S "]

ok 12| Ve
~1/2 d\

Hs—1k § M + /'L_I/ZJ:SJO
<M+ /Lil/z]:s)k.

I

0=po o=po |1 T 1 o=po |H3 ~
On the other hand,
|| wnh Hs,kfl 5 “Wh Hs,kfl + ||Wd Hs,kfl S C(M’ M)M + /’Lil/zfs,k

where, for the first contribution, we applied the product estimates to the expression in (5.1).
Then, we have

a2 = | 25 s L Py

< Clh M, M) (M + 1| Vih® | k)
< || Axr™ | fyoss + Clhan M, M)
< C(ho, M, M) (M + & | A
Altogether, this yields

Hk =K ( ” Vih™?

|wib V™ | | V™

Hsk—1 + K1/2M|| V.xhd

Hs,kfl Hs,kfl

Hs,kfl ) .

M_l/z ” vych,QPnh

Hs—Lk—1 = CO (/'Ll/zM + fs,k + M1/2K1/2 H vxhd”I_Is,k + /-’LI/ZK || Axnd

Hs,k
) (12 + Fog)).

Plugging this estimate in (5.8), using Fx < «'/2M and u < «, we obtain (5.6c).

+ (M + & | Viht

Finally, we set
raj = —[0%0h, u+ u™hd — 020} ((h+ WMud),  raji= —(%hhY) Ve - u.
By Lemmas A.3 and A.8 and since s > so + % and 2 < k = s, we have

Hsvk) ” hd

H5vk) H u

”r%jHH(Q) S (‘E/‘W’{L“ + Hunh -tk t (’h‘wg’” + ”hh Hsk
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and (by Lemma A.1)
unh |

This yields immediately (5.7b). The proof is complete. O

” Toj ||L2(S2) S ” hd| Hsk Hsk*

5.3. Strong convergence

In this section, we prove that for p sufficiently small and starting from regular and well-
prepared initial data, the solution to the non-hydrostatic equations exists at least within
the existence time of the solution to the hydrostatic equation. We also prove the strong
convergence of the non-hydrostatic system to the hydrostatic one as @ \ 0.

Proposition 5.3. There exists p € N such that for any s,k € Nsuch thatk = s > % + %
and any M, M, h,, hi* > 0, there exists C = C(s, k, M, M, h,, h*) > 0 such that the following
holds. For any 0 < My < M,0 < k < 1,and u > 0 such that

1 < i/ (CMg),
for any (h, u) € W*HP((pg, 1)) 19 satisfying
|h|

/
| kipteo < M
Wl;rp,oo + |_ nger Loo = >

for any initial data (h, up, wo) € Hk ()2t satisfying the boundary condition wy|y—p, =0
and the incompressibility condition

—(h+ ho)Vx - g — (Vxno) - (' + dpt40) + dpwo = 0,
(denoting 1o (-, 0) = fgpl ho(-,0") do’), the bounds

P +K1/2“h0|

|| ’70| Hetpktp T ||”0| Hetpktp T |’70| Hstpkp = Mo =M

Q=po

and the stable stratification assumption

inf h, < h(o) + ho(x,0) < h*,
(x,0)€Q2

the following holds. Denoting

(T = C" (1w ([}, + M),

as in Lemma 5.1 there exists a unique strong solution (h"h, b qynby €
CO([0, Th; H*(Q2)179) to the non-hydrostatic equations (2.4) with initial data
(hnh,unh,wnh)’t:0 = (ho,ug, wy). Moreover, one has h™ e L2(0, Th; HST1K(Q)),

™t e 1200, Th; H*t2K(Q)) and, for any t € [0, Th], the lower and the upper bounds
hold

inf k(o) + K" (t,x,0) > ho/3,  sup h(o) +h™(t,x,0) < 3",
(x’Q)EQ (x,g)eQ

and the estimate below holds true
[0 )| o+ ™ )| s + 12w (8|
+K1/2||hnh(t)')HHs,k RV ||Vx77nh(t, _){

(t’ )

msk |nnh ’Q:po HS

Hsk
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+K1/2HVx7Inh”Lz +K1/2Wx77nh‘

0=p0 |L2(0,t;Hi)
+K H Vih™ ||L2(0,t;H5>k) + 'k H V:%’7HhHL2(o,t;HS»k) < CMy, (5.9)

(0,5H%K)

and (h"h, yh) converges strongly in L*° (0, T; H sk()1*4) toward (P, uM) the corresponding
solution to the hydrostatic equations (2.5), as it \ 0.

Proof We closely follow the proof of Proposition 4.8 and exhibit a bootstrap argument on the
functional

F@) =0 | o + 10| s + 12 (20|
+ i PR | o+ 122 V)
+c? ” Ve ||L2(0,t;H5’k) + Kl/z‘vx”d’
+ [ Veht]) 2

Hsk + |Tldi (ta )

0=po Hy

Hs,k
0=po ‘LZ (0,t;Hy)

osHk) T i H VindHLZ(O,t;HSJ‘)

where we denote
B b gy pd b e b b d ek b

with the usual notation for n™, n, and w" is defined by (5.1). Denoting by T* the maximal
existence time of the non-hydrostatic solution provided by Proposition 4.3, we set

T — sup {o < T < min(T* T : Ve (0,T), h/3 < h(o) + K"t x,0) < 3h*

and  F(t) < w2 My exp(Cot), ]—'(t)f;cl/zMo}, (5.10)

with Cy sufficiently large (to be determined later on). We will show by the standard continuity
argument that ™" = min(T*, T"), which in turns yields T* > T and shows the result.
Indeed, the converse inequality T™* = T* < TP yields a contradiction by Proposition 4.3
and the desired estimates immediately follow from the control of F, the bound

”hh(ts )| Hs+1,k+l + ”uh(t) )‘ Hs+1,k+1 + ” 77h(t) )‘ Hs+1,k+1 + ”Wh(ts ) Hs+1,k+l S ChMO (511)

provided by Lemma 5.1, and the triangle inequality (when C is chosen sufficiently large).
Let us now derive from Lemma 5.2 the necessary estimates for the bootstrap argument.
In the following we repeatedly use the triangle inequality to infer from (5.10) and (5.11) the
corresponding control (5.9) with C depending only C?, T (and ¥ < 1). We shall denote by
C a constant depending uniquely on s, k, M, M, h,, h* and Ch, Th, but not on Co, and which
may change from line to line.
By means of (5.7a)-(5.7b) and Lemma 3.4, we infer from (5.10) to (5.11)

!/ ||hd|| +"|| Vxhd| 20, TsH) = C(|J:|L1T + |'7:|L2T)'

Next, by differentiating with respect to space the first equation of (5.6a) using (5.6b) and
Lemma 3.4, we infer

u'?iet? ” Vx”idHLoo(o,T;Hs,k) + 1! H v:%77dHL2(o,T;HSJ<) =C (|‘7:|L1T + |]:|L2T)'

L®(0,T;HSk)

Now, we use (5.6a)-(5.6c) and proceeding as in the proof of Proposition 4.8 (together with
the above estimates) we infer that for any t € (0, T),

F@) < Cl}f|LtL +C2|}-{L% +C3/,L1/2M0t
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with C; (i € (1,2,3}) depending uniquely on s,k, M, M, h,, h* and CP, T". By using the
inequality F(¢) < w'2My exp(Cot) from (5.10) and the inequality T < exp(z) (for T > 0),
we deduce

F(t) < Ciu'*MoCy 't exp(Cot) + Con'/2Mo(2Co) ~'/? exp(Cot) + C3 /> Mo Cy ' exp(Cot).

There remains to choose Cy sufficiently large so that C,C,, 'y ¢ (2Cy) V2 + G5 Co Lo,
and restrict to u sufficiently small so that w2 My exp(CoTh) < ul2MyCY2 )2 < k1?2,
The upper and lower bounds for k1 + #™" follow immediately from the corresponding ones for
I + hP provided by Lemma 5.1 and the triangle inequality, augmenting C if necessary. Then
the usual continuity argument yields, as desired, 7" = min(T*, T"). O

5.4. Improved convergence rate

Proposition 5.3 established the strong convergence for regular well-prepared initial data of
the solution to the non-hydrostatic equations, (2.4), toward the corresponding solution to
the hydrostatic equations, (2.5), as 4\, 0. The convergence rate displayed in the proof
is O(u'/?). The aim of this section is to provide an improved and optimal convergence
rate O(u). The strategy is based on the interpretation of the non-hydrostatic solution as an
approximate solution to the hydrostatic equations (in the sense of consistency) and the use of
the uniform control obtained in Proposition 5.3.

Proposition 5.4. There exists p € N such that for any s,k € Nwithk = s > % + % and

M, M, h,,h* > 0, there exists C = C(s, k, M, M, h,, h*) > 0 such that under the assumptions
of Proposition 5.3 and using the notations therein,

||hnh —h° “LO"(O,Th;Hs—l,k—l) + ™ =" ||L°°(0,Th;H5’k) + uh - uh “LO"(O,TI‘;HS”‘) =Cu.

Corollary 5.5. Incrementing p € N, we find that for any s,k € N such thatk = s > % + g,

|t — h" ||LOO(0,Th;Hs,k) + ™~ ”hHL"o(O,Th;HS“’k“)  Chl ||L°°<0’Th5Hs+l’k+1) =cn

withC = C(s+ 1,k + 1, M, M, h,, h*) > 0.

Proof Since all arguments of the proof have been already used in slightly different contexts,
we only quickly sketch the argument.

For any p’ € N, we may use Proposition 5.3 with indices s + p" and k + p’ to infer the
existence of the non-hydrostatic solution (h"?, u™, w?) e C([0, T"]; HsHP kP ()24 and
the control

h h h
sup (Hnn , ')‘ g+ ket ” u™ (¢, ')‘ ek ‘nn ‘QZ/OO(t’ ) Hffp/) = CMo.
t€[0,7h]
By using h™! = —E)anh and the divergence-free condition
p1
Wi = (o u™) - V™ / Vi (B + h™) @+ u™)) do/
0

we obtain (augmenting C if necessary)

sup (||h“h(t, -)|
te[0,Th]

h
pstp/—Lk+p -1 T || wh (t, )| H:+p’—1,k+p/—1) <CMy
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and hence, by Corollary 4.2 (specifically (4.19)), Poincaré inequality (4.10) and choosing p’
sufficiently large, that Py, (-, 0) := P"(-, 0) — li)g’hnh(-,g/) do’ satisfies

sup ||Pun(t )|
te[0,Th]

HstLA+T = < Cu Mp.

From this estimate we infer (by Lemma 5.1) that hd .= poh — pPand ud .= u"P — 4P satisfies

P1 P1
an? + (u+ u™) - Vepd + / (W + dou™) - Ven® do’ + / (h+ ™)V, - ut do’
o o
L1
—I—/ ud Vi + hiv, - uh do’ = kA,
o
2 1 [
gt + ((u+ u™ — h+hnh) Vi)ud + —vxnd|gzpo s /po Vet do’

((u _K(h-l—h“h_h-i-hh)) V)u —Rnh

(5.12)
with R .= —% ~ 3 (h+h"h) 0o Pnp satistying (by Lemmas A.3 and A.6) the bound
sup [ R™ (&) yx < Cu Mo.
te[0,Th]

From this, inspecting the proof of Lemma 5.2, we infer that as long as

Fog= ] P K PR e L P )

Hs—Lk—1 + “ 77d| Hsk + |T] |

0=po
one has forany « € N4 andj € N such that |ee| +j < sthat n®) := a;;‘a{,nd, u@h) = Bgaéud
and (@) := 3%, hd satisfy

. . Pl .
0™ + @+ u™) - Ven @ + / W + 9pu™) - V,en®? do’
o

P1 . .
+ | G dg)  —eAn @D = Ry,
]:

0
o™ + ((u+u™ — hihnh) Vi)u® + <%Vxn(a,j)|gzpo
1
+—/ V,en @ do ) =R,
© Jpg
and
Oh ) 4 (a4 u) - Veh @D = ke ALohh D 4 g + Vs - g,
with
||R0tJ||L2(Q) + HRnh ||L2(Q) C(Fok + M0K||vxhd| fok) + C Mo
and

1/2Hr“J”L2(Q) + ||"“J“L2(Q) = CFuk

We may then proceed as in the proof of Proposition 3.6, and bootstrap the control
Fok(t) + !/ ”Vx”dHLZ(OtHsk) + "l/zwxnd|g p0|L2(0tH$) + "“Vxh ||L2(0tHsk) = CuMy

(choosing C large enough) on the time interval [0, Th]. This concludes the proof. O
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A. Product, composition and commutator estimates

In this section we collect useful estimates in the spaces H%(Q) introduced in (2.7). Our results
will follow from standard estimates in Sobolev spaces H* (RY) (see e. g. [63, Appendix B] and
references therein), and the following continuous embedding. Henceforth we denote Q =

R? x (g, p1)-

Lemma A.1. Foranys € Rand py < p1, H*T/21(Q) < C%([po, p1]; H(RY)) and there
exists C > 0 such that for any F € Ht1/21(Q),

max |F(-,Q)

s41/2,1+
0€[po,p1] H

e = ClF]
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More generally, for any k > 1, HTY2H(Q) ¢ ﬂj]-;_ol Cl([po, p11; H 7 (RY)), and in particular,
forany sp > d/2andj € N, 0+ 241(Q) C (CI(Q) N W™ (Q)).
Proof By a density argument, we only need to prove the inequality for smooth functions F.

Set ¢ : [0, p1] — R a smooth function such that ¢(pyg) = 0 and ¢(0) = 1if o > @,

and deduce that for any o > £ °J2”’ L, recalling the notation A* := (Id —A,)¥?,

o
f (A*F)*(x,0) dx = / / 3,(¢ (0 (A°F)*(x,0")) do’ dx
R4 R4 Jpg

L1

Lo

01
+ 8], /p |AF(,0)| 2| AF(, 0) |2 do

0

< |7 Ho-1720

isﬂ/z,o + [ 9o F|

Using symmetrical considerations when o < 2 Oerp L, we prove the claimed inequality, which

yields the first continuous embedding. Higher-order embeddings follow immediately. O

Recall the notation

A ifs <s,,

As+ (B, =
s ( 3>5>s* {As+Bs otherwise.

Product estimates
Recall the standard product estimates in Sobolev spaces H¥(R9).
Lemma A.2. Letd € N*, s > d/2.

(1) Foranys,si,s2 € Rsuchthats; >s,s; > sand s; + s, > s+ sg, there exists C > 0 such
that for any f € H" (RY) and g € H% (Rd),fg € H(R%) and

Ings SCLf

(2) For any s > —sp, there exists C > 0 such that for any f € HY(RY) and g € HY(RY N
H*(RY), fg € H*(R) and

lfg o = le|H$0 |g mt C(V

(3) Foranysy,...,s, € Rsuchthats; > 0ands; + -+ + s, > (n — 1)sp, there exists C > 0
such that for any (f, ..., f,) € H" (RY) x - - x H"(RY), [T, fi € L*(R%) and

n n
[ 1Al = Tl
i=1 i=1

Hs1 g H%2*

H >s>so '

w8

Heit

Let us turn to product estimates in H%*(2) spaces.
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Lemma A.3. Letd € N*, 59 > d/2. Let s,k € N such thats > sy + % and 1 < k < s. Then
H**(Q) is a Banach algebra and there exists C > 0 such that for any F, G € H(Q),

|FG| o < C||F G

Hs,k Hs,k-
Moreover, if s > sg + % and 2 < k < s, then there exists C' > 0 such that for any F,G €
Hs’k(Q),

|FG G

Hok = c HF

Hsfl,kfl + C/ HF

Hs,k Hsfl,kfl || G Hs,k)

and if s > sp + % and k = 1, then there exists C” > 0 such that for any F, G € H(Q),
G = €[] 6l 00 + €]y |6

Hs1 Hs1 Hs1*

Proof We set two multi-indices B = (B,,8,) € N“*land y = (y,, Yo) € N1 being such
that 8| + |y| < sand B, + y, < k. Let us first assume furthermore that y, < k — 1 and
|¥| <s— 1. Then

P1
| @2 F) (37 G| 20 S /p |98 FC, 0)| 9107 G 0) ;_M_% do
0 X
S ||3ﬂF ?{S*\ﬂl)o ”8},6 ?—[sflyl,l =< “F ip,k G ?{s,k-

where we used Lemma A.2(1) with (s,s1,5) = (0,s — |B],s — |y| — %), and Lemma A.1. If
Yo = kor|y| = s andsincel < k < s,wehave B, < k—1and|B] < s— 1and we
may make use of the symmetric estimate. Hence the proof of the first statement follows from
Leibniz rule.

For the second statement, we assume first that max({8 oVol) = k — 1 and

max({|B],|y|}) < s—1.Then, using Lemma A.2 with (s, s1,s2) = (0,5 — |B] — %,s— lyl—1)
(recall s > so + %), and Lemma A.1,

|@PBYO? G| 20 < [19PF (- 0)

Y G(-
H;—\ﬂl—%|a G(»o0)

S [El gpei |G sk

Thenif B, = kor |B| = s, we have (sinces > k > 2) y, < k—2and |y| < s—2,and we
infer

— ,1|
H; Iyl Lz,

< [FlxlG

HS*L)'Q Hs—l,k—l 5

|GPE)(@ G| 12 < |[0PFC0)

o 107 G(-,0)

3
s—yl-3 |L2
H, 2 e

<|IF G

HS>/39 HG LYo tl = HF Hsk Hs—Lk—1+

Of course we have the symmetrical result when y , = kor |y | = s, which complete the proof.
Finally, for the last statement, we consider first the case 8, = 0 and max({| 8|, |y[}) < s—1,
and infer as above

[@* P02, S [10°FC.0) 97G(. ) G

H’s:\ﬂlf%| H;"""1|L§ N HF HsLIY [ s-11

The case B, = 1 (and hence y, = 0) and max({|B], [y[|}) < s — 1is treated symmetrically.
Then if || = s we have y , = |y| = 0, and we infer

[P F) @7 O 2y S |[9PFC.0)| 510187 GC- 0) G

S |F

() Hs—\y\—% |L£) Hsl Hs—11+
X

The case |y| = s is treated symmetrically, and the proof is complete. O
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Composition estimates
Let us recall the standard composition estimate in Sobolev spaces H*(R).

Lemma A.4. Letd € N*,sp > d/2. For any ¢ € C*®°(R;R) such that ¢(0) = 0, and any
M > 0, there exists C > 0 such that for any f € H® (R N H*(RY) with [f < M, one has

o(f) € H(R%) and

H?

|‘/’(f)|Hs =

We now consider composition estimates in H sk(Q).

Lemma A.5. Letd € N*, 59 > d/2. Let s,k € Nwiths > sy + % and1 <k <s,and M > 0.
There exists C > 0 such that for any ¢ € W (R; Wk ((pg, p1))) with ¢(0;-) = 0, and any
F € H**(Q) such that | F|| ;s <M, theng o F: (x,0) — ¢(F(x,0);0) € H*(Q) and

oo Fl

If moreover s > sp + % and 2 < k < s, then there exists C' > 0 such that forany F € Hs’k(Q)
such that HF’ ko1 <M,

l¢oFl

sk = Clel oo wioo (oo, pom |1l

ot = Clolyeos ios o0 [ F s

Proof Leta = (ax, ) € NA+1\ {0} with 0 < |a| < sand 0 < o, < k. We have by Faa di
Bruno’s formula

if
0% 0 P20y S Y I(@i040) 0 F) @) -+ 0 )1 g
where i,j € Nwithi+j < |a| < s, and the multi-indices cxe ("‘( x’“eg) e N4t1\ {0}
satisfy ZZ:] a[{x =ayandj+ Zzzl oc[{g = a,. If i = 0 then we have from the mean value
theorem that forany 0 <j < k
”(8 ®) OF“LZ(Q) = || (8%(/)) oF — (3 ‘/’) o 0||L2(Q) |318 (piLw(Rx(po o) H ||L2(Q)

The case i = 1 is straightforward, and we now focus on the case i > 2. We assume without
loss ofgenerahtythat Ialgl > |OCZQ| > ... > |oc |and remark that for £ # 1, |oc | <k-1

(otherwise |oc1g| + |ccZ | =2k > k > |ayl) and |oz/| <s— |a1]| <s—1. Hence we have
IMTocs G g < o S_\ay‘mz:zia“e .

Sl!l (

where we used Lemma A.2(3) and (i — 1)(s — 5) > (i— l)so and Lemma A.1. The first claim
follows.
Now we assume additionally that k > 2 and s > 5o + % The cases i € {0 1} can be treated
b
ol

H;—la;’j\—% ) |LZ7
) = [E,

S |1#] st

exactly as above and we deal only with the case i > 2, ordering |oz1 Q| > |az2 | > > |

as above. Assume first that |oz1{g| =k > 2. Then for all £ # 1, Iaéfgl = 0 and |oz/| <s—2,
and we conclude as before with

Tl 0% B2y < |9

[F

)l SIF

Hsk Hs— L1

. i
i (TTezi|0% F
H,
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Otherwise we have |oc2Q| < |oc1Q| <k-—1and |oc2 | <s— |oL1 | < s — 1 and notice that for
£ >3, |05@Q| < k — 2 (since otherwise we have the contradiction |0L19| + |0L29| + |0L3Q| >

3(k—1) > k+1> |ay| + 1) and a}| <5 — || — &}] < s — 2. Hence
0 |a'1\ 1(1_[(3 3|aa H$_|ai’j|—%)|L2

Ha(ﬂeﬁlsqwﬂﬁﬂﬁhﬂwhum

This concludes the proof. O

||H2:1(3“21F)||L2(Q) S ||8alf]F 0 ol |- ‘|8 F

SIE

il

We shall apply the above to estimate quantities such as (but not restricted to)
h(x,0)
h(o) + h(x,0)’

with h € W5®((po, p1)) and h € HY(R?) satisfying the condition inf(xp)eq h(0) +
h(x,0) > h, > 0. Let us detail the result and its proof for this specific example.

D:(x,0) €L

Lemma A.6. Letd € N*, 59 > d/2. Let s,k € Nwiths > sy + % and1 < k < s, and
M, M, h, > 0. Thereexists C > 0such thatforanyh € W5 ((po, p1)) with |h|wk>oo < Mand
o

anyh € HY () with ||h|

sk < Mand satisfying the condition inf (x,0)c@ h(0)+h(x, 0) > hs,

then
h(xa Q) k
d:(x,0) > ———— € H(Q),
h(o) + h(x,0)
and
| @ g = LI g

If moreover s > ‘51 + % and 2 < k < s, then the above holds for any h € HS’k(Q) with
|7 gsmrir < M.

Proof We can write ® = ¢ o hwith ¢(-,0) = f(-,h(0)) where f € C*®(R?) is set such
thatf(yaz) }’+Z onw = {()”Z) : |y| 5 ||h||L:)O(Q)’ |Z| S |h|L°o((,00,ﬂl))’ y + V4 2 h*}
We can construct f as above such that the control of |<p | W00 (Rs Wk ((p0.01) depends only on
HhHLm(Q) (which is bounded appealing to Lemma A.1, if h € H* with s > %i—l—%, 1<k<ys),

| h | WES (po,p1) and h, > 0. The result is now a direct application of Lemma A.5. O

Commutator estimates
We now recall standard commutator estimates in H*(R9).
Lemma A.7. Letd € N*, 59 > d/2and s > 0.

(1) For any 51,5, € Rsuch thats; > 5,55 > s — land s; + sp > s+ sp, there exists C > 0
such that for any f € H*(R?%) and g € H2(R%), [A%, flg := A*(fg) — fA’g € L*(RY) and

1A%, fgl, = CIf

g1 18 g2 -
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(2) There exists C > 0 such that for any f € L*™® (R?) such that Vf e HL(RY) N H% (RY)
and for any g € H~'(R%), one has [A%, f]g € L*(RY) and

|[A5>f]g|L2 = C|Vf 8l gs—1 + C(|Vf Hs—1 ’g

(3) There exists C > 0 such that for any f,g € HY(RY) N HOTY(RY), the symmetric
commutator [A%;f,g] := A*(fg) — fASg — gASf € L>(R?) and

|[As;f>g]|L2 5 C Hs1 + CLf

The validity of the above estimates persist when replacing the operator A® with the operator
3% with & € N¥ a multi-index such that || < s.

H*% H*% )s>50+1 :

Hso+l1 |g Hs-1 |g Hso+1-

We conclude with commutator estimates in the spaces HY(Q).

Lemma A.8. Letd € N*, 59 > d/2. Lets > sp + % and k € Nsuch that 2 < k < 5. Then
there exists C > 0 such that for any o = (atx, tp) € N1 with |ee| < sand o, < k, one has

||[8a’F]G||L2(Q) < C||F| G|

Hs,k Hs— 1,min({k,s—1}) *

Proof We set two multi-indices B = (B, B,) € N+l and y = (Yo ¥,) € N4+1 with
B+y=a,and|y| <s— 1. Assume ﬁrstthatﬁQ <k—1land|B]| <s—1.Then

[@B@ 6| 2q) < [10PFG0)] 141076 0)

— ,1|
ch b4 LZ,

< ||F|

H5_1>}’g =< ||F||H5,k || G”Hsfl,min({k,sfl));

where we used Lemma A.2(1) with (s, s1,52) = (0,s — |B] — %,s — |y| —1),and Lemma A.1.

Otherwise y, = 0 and |y| <s— |B| <s— 2, and we have

B 107 G(-, 0)

o &

| 0P F)@Y G| 120y S 1[0PFC0)

_ipl—=3 |72
H; [yl Z}LQ

< |7l G|

= |I¥|

HS’BQ H G‘ Hs—L1 Hs,k Hsfl,min({k,sfl}) .

The claim follows from decomposing [0%, F]G as a sum of products as above. 0

Lemma A.9. Letd € N*, 59 > d/2. Lets > so + % and k € Nsuch that 2 < k < 5. Then
there exists C > 0 such that for any o = (etx, tp) € N4+1! with || < sand o, < k, one has

” [0% F,G] ”LZ(Q) = C||F|

Hs—Lmin({k,s—1}) || G” Hs—Lmin({k,s—1}) *

Proof We can decompose
[0%F.Gl= ) (’PE’G)
Bty=a

with multi-indices B = (B,, B,) € Ntland y = (Yo Vo) € N4+1 such that |B] + |y| <'s
and B, +y, < kand 1 < |B],|y| < s — 1. Assume furthermore that B, < k — 1 and

|B] <s—2.Then
| @B G 20 < [|8PFC0)

B3 |07 G, Q)|H;*‘V‘*1 \Lé

S [El p-rper 61

= |F|

HS*I)VQ Hs—l,min((k,s—l)) H G\ Hs—l,min({k,s—l]) >
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where we used Lemma A.2(1) with (s, s1,s) = (0,s — |B| — %,s — |y| —1),and Lemma A.1.

By symmetry, the result holds if y , < k—1and |y| < s— 2. Hence there remains to consider
the situation where (8, = kor || = s — 1) and (yo = kor|y| = s—1). Sinces > 2
and |B| + |y| < s, we cannot have || = |y| = s — 1. In the same way, we cannot have
B, = 7, = ksince k > 0. Furthermore , we cannot have B, = kand |y| = s — 1, since the
former implies || > B, = k > 2 and the latter implies || < 1. Symmetrically, we cannot
have y , = kand |B| = s — 1. This concludes the proof. O



