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Abstract

We discuss the rigorous justification of the spatial discretization by means of Fourier spectral methods of quasi-
linear first-order hyperbolic systems. We provide uniform stability estimates that grant spectral convergence of the
(spatially) semi-discretized solutions towards the corresponding continuous solution provided that the underlying
system satisfies some suitable structural assumptions. We consider a setting with sharp low-pass filters and a set-
ting with smooth low-pass filters and argue that —at least theoretically— smooth low-pass filters are operable on a
larger class of systems. While our theoretical results are supported with numerical evidence, we also pinpoint some
behavior of the numerical method that currently has no theoretical explanation.
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1 Introduction

In this work we shall consider the spatial discretization by means of Fourier spectral methods of systems of the form

d
HU + > Aj(U)0,,U =0, Uleg = U". (1.1)
j=1

where forall j € {1,...,d} and for all U € R", A;(U) are matrices satisfying Assumption A.1.

Assumption A.1. Forall j € {1,...,d} and U € R", A;(U) are n-by-n real-valued matrices. We assume that all
entries of A;(-) are polynomial.

Remark 1.1. Assuming that the system (1.1) has only polynomial nonlinearities may seem an over-restrictive as-
sumption. This assumption is motivated by two considerations. Firstly, the Fourier spectral method may be efficiently
implemented only within this framework; see Remark 1.2 below. Secondly, as far as we know, the literature lacks a
theory analogous to para-differential calculus (see e.g. [19, Chapter 5]) on Sobolev spaces of periodic functions,
which would provide the composition estimates in Proposition A.4 for general composition functions.

We shall assume further additional structural assumptions on the system (1.1), depending on the needs. In particu-
lar we shall always consider Friedrichs-symmetrizable systems, which guarantees the hyperbolicity of the system, and
local-in-time well-posedness of the initial-value problem in L?-based Sobolev spaces of sufficiently high regularity
index, U" € H*((2rT)%)"™ with s > d/2+41 (see Subsection 1.2). For simplicity, we consider in this work 27-periodic
functions in all spatial directions. The results extend straightforwardly to more general (periodic) frameworks, and
analogous results in the n-dimensional Euclidean space could be obtained with some simple adaptations.

Let T be the space of trigonometric polynomials of degree V:

Tw = span{exp(ik - x),k € Z% |k;j| < N,j = 1,...,d}, and T = Ty x ... x Tn .
N

n times

Let Py: L2((27T)%)™ — T3 be the L2-projection operator onto 7;: Py = Diag(Py(D)), where Py is a Fourier
multiplier with symbol Py = 1j_y yje. We refer to Py as a sharp low-pass filter. For any 0 < r < s and
U e H*((2xT)%)™ Sobolev space of order s, Py satisfies (see e.g. [5, (5.1.10),(5.8.4)])

U — PyU| e < C(d, 5,7) (NY ™ U] e - (12)

This kind of estimates are referred to in the literature as spectral convergence, and we will follow this terminology.
The standard Fourier spectral method (see e.g. [16, 13, 18] or [1, Section 3]) for the spatial discretization of the
problem (1.1) amounts to seeking solutions Uy : t — 7T} to the problem

d
oUN + Py <Z Aj(UN)aszN> =0, Upli=o =PnU". (1.3)
j=1

Remark 1.2. Let us recall that one of the great assets of Fourier spectral methods is that spatial differentiation
and multiplication can be very efficiently performed (up to machine precision) by means of Fast Fourier Transform
(FFT/IFFT) and multiplication at spatial collocations points, provided suitable dealiasing operations are performed.
In practice, if the entries of A;(-) are all polynomial with maximal degree p, then one computes (following Orszag’s
rule [20]) N # modes, and applying the projection Py after multiplications at collocation points performs the
necessary dealiasing. If entries of A;(-) are not polynomials, then one typically uses pseudo-spectral schemes that
follow the aforementioned strategy but cannot be formulated as in (1.3).

We do not discuss in this work the full time-space discretization of (1.1), that is well-suited numerical time integra-
tors for (1.3). The implementation we used for numerical experiments is described in more detail in Subsection 4.2.
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In this work we shall discuss the long-time (i.e. uniform with respect to V) existence of solutions to (1.3)
and spectral convergence towards solutions to (1.1) as N — oo.

Our results will depend on the structure of the system. As we shall see, the solution to (1.3) converges towards
the corresponding solution to the problem (1.1) (assuming sufficient regularity) whenever the system is symmetric. If
the system is only symmetrizable, the situation is more complicated. In order to deal with this situation we consider
smooth low-pass filters, Sy : L2((27T)4)" — T where Sy = Diag(Sy (D)) is a Fourier multiplier with symbol
Sn(-) = S(-/N) where S € C' (R?) is even and satisfies

=1 lf man:L'..7d |I€J‘ < 1/2,
S(k)=0 if min;_y __q4|k;| > 1,
S(k) € [0,1] otherwise.

and |-| VSY/2 € L*(R?). When d = 1, an example of such a function could be S; () == max (0, min (1,2 — 2| - |))2
When d > 2, one can set Sy(k1,...,kq) = Si(k1) x --- x S1(kq). The advantage of such smooth low-pass
filters is that —contrarily to the sharp low-pass filter— they satisfy commutator estimates with gains of regularity
uniformly with respect to NV; see Proposition A.6. These are crucial to parts of the analysis. Notice that because
|1 —S(k)| <1=|[1- Pj(k)| when max;_y1 __qlk;| > 1/2and 1 — S(k) = 0 =1 — Py(k) otherwise, we infer
from (1.2) the identical spectral convergence estimate

U = SNUlpr < |U =Py Ul < C(d,s,7) (N U s - (1.4)

The spatial discretization of (1.1) using smooth low-pass filters could amount to finding a solution Uy : t — 77 to

d
oUN + Sn (Z Aj(UN)aijN> =0, Upli—o=PyU". (1.5)

J=1
We also consider variants of this system such as

d
HUN + Y (A + Sy (AHUN)[0])) 02, Un =0, Unli—o = PNU". (1.6)
j=1

where A? = A;(0) and Ajl-(U) = A;(U) — Ag. Indeed, applying smooth low-pass filters to linear terms is unnec-
essary, especially when one uses exponential time integrators (see e.g. Program 27 in [25]). Notice the distinction
between (1.5) and (1.6) is only necessary when using the smooth low-pass filter since when using the sharp low-pass
filter Py one has PyUpx = Uy and P commutes with A?.

Outline Let us now describe the structure and main results of this work. Symmetric systems are discussed in Sec-
tion 2. We consider sharp and smooth low-pass filters in Subsection 2.1 and 2.2 respectively. We obtain convergence
of the semi-discretized solutions in both cases, stated in Propositions 2.4 and 2.6. Symmetrizable systems are dis-
cussed in Section 3. Subsection 3.1 concerns smooth low-pass filters and we obtain analogous convergence results,
stated in Proposition 3.4. The case with sharp low-pass filters is treated in Subsection 3.2 and in order to secure
spectral convergence, more stringent structural assumptions on the system are required. This yields Proposition 3.9.
Numerical experiments illustrating and investigating the sharpness of our theoretical results are provided in Section 4.

1.1 Motivation and related works

Our work was motivated by the study of Boussinesq and Whitham—-Boussinesq systems that are nonlinear dispersive
models for the propagation of surface gravity waves [17, 7]. The Fourier spectral method is especially indicated for
the spatial discretization of these systems since the nonlinear contributions are quadratic (recall Remark 1.2) and the
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dispersive contributions take the form of Fourier multipliers. The spectral convergence of discretized versions of
Boussinesq models towards the corresponding continuous solutions was proved in [26] and [6]. These results have a
shortcoming in that they lack uniformity in the non-dispersive limit. In order to clarify this point, let us consider the
Benjamin-Bona—Mahony (BBM) and (a variant of) the Whitham equations, which read respectively

tanh D
(Id —u&i)&tu + 0zu+udzu=0, and Jyu+ M (ﬁmu + u&xu) = 0.

VEID|
The aforementioned Boussinesq (resp. Whitham—Boussinesq) systems can be loosely considered as systems gener-
alizing the BBM (resp. Whitham) scalar equation, in the same way the Saint-Venant system discussed in Section 4
generalizes the inviscid Burgers equation. All these equations provide valid approximations of water waves provided
(among other assumptions) the shallowness parameter ;; > 0 satisfies p « 1; see [17, 7].
Results proved in [26] and [6] and adapted to the simplest case of scalar equations are of the form

lun(t, )] 4o < C#(t)‘“N‘tzo‘Hs and  |(u—un)(t,)|y < Cu(t)N"™*
where u is the solution to the scalar equation, and u the corresponding solution to the semi-discretized equation

tanh(,/z2| D))
VEID]

The aforementioned shortcoming is that C),(¢) depends nonuniformly on £ in the non-dispersive limit ;1 « 1, typically
Cu(t) < exp(u~'t). This is inconsistent with the standard well-posedness theory for initial data in Sobolev spaces
H?#(27T), s > 3/2, which holds uniformly with respect to 1 € (0, 1] (see e.g. [15, Proposition 6] and [22, 10, 21]
for the corresponding results on the Boussinesq and Whitham—Boussinesq systems). The reason for this discrepancy
is that for the spectral convergence results, stability estimates on the BBM and Whitham equations are obtained by
viewing them as semilinear systems which can be formulated using the Duhamel formula

(Id —,u,ag)@tu]v + dpuny + Py (unOzuny) =0, and dpuy + (&UUN + PN(uNﬁzuN)) =0.

ult,) = jt e—(t—T)LH(D)Lu(D) (U(T, )2) "

0 2
where L, (D) = Idfﬁ for the BBM equation, and L, (D) = %@C for the Whitham equation. Notice

that in both cases L, (D) € B(L?(2nT); L*(2rT)), but that Sup{!L,ﬂ}!L2 : ‘U‘LQ = 1} is not uniformly bounded
with respect to 1 € (0, 1], which is the source of the issue when 1 « 1. On the other hand, one can view the BBM
and Whitham equation as perturbations of the inviscid Burgers equation, with skew-symmetric dispersive terms that
are inconspicuous for the energy method. This leads to stability estimates in H*(27T), s > 3/2, that are uniform
with respect to ¢t « 1. Of course obtaining such results on dispersive systems requires a good understanding of the
underlying (non-dispersive) quasilinear systems, which is the focus of the current work.

The rigorous analysis of semi-discretized or fully (space and time) discretized Fourier spectral schemes for semi-
linear equations is a very rich and active topic, which is impossible to summarize within a few lines; let us simply
mention [4, 3] which are particularly relevant as they specifically consider the BBM equation and pay attention to the
non-dispersive limit (although together with vanishing nonlinearity, that is the long wave limit). In contrast, to the
best of our knowledge, there are only a handful of works dedicated to the rigorous analysis of the Fourier method for
quasilinear systems, culminating with the work of Bardos and Tadmor [1] (following [23, 24, 11]; see also the review
paper [12]). Here the authors consider the inviscid Burgers equation, as well as the one-dimensional isentropic Euler
equation and the incompressible Euler equations. The first two systems belong to the class of equations we study.
Specifically, the inviscid Burgers equation (as any scalar equation) has the symmetric structure we employ in Subsec-
tion 2.1, while the isentropic Euler equation in Lagrangian coordinates enjoys the Hamiltonian structure discussed in
Subsection 3.2. The incompressible Euler equations

ou+P((u-V)u) =0, P(u) = u, P(u) =u— VAV . u

4
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does not belong to the class of equations studied here due to the Leray projection operator PP but it would not be
difficult to extend our analysis (specifically concerning the symmetric situation) to this system. Let us mention that
while our analysis is very similar, the estimates obtained in [1] are not as sharp as the ones obtained in our work due
to different choices when performing stability estimates, as they take the form (see Theorem 3.1 therein)

(U~ Un)(t,)| 2 < CONT*|Uimo o + NT73 max|U (7, )| ..

while our results do not feature the second contribution. Quite interestingly, the authors also prove the emergence
of spurious oscillations of the semi-discretized solution after the critical time of shock formation for the continuous
solution of the inviscid Burgers equation. It would be interesting to study this problem when smooth low-pass filters
are used and compare with the spectral viscosity method described therein.

1.2 Definitions and notations

In this section, we introduce a few notations used throughout the work.
Let L?((27T)?) be the Lebesgue space of real-valued, square-integrable functions on the 27-periodic torus and
L2((2nT)H™ = L2((2T)?) x ... x L3((2T)%).

v~

n times

We endow L?((27T)?) with the standard Lebesgue norm denoted | - | 12» and the corresponding inner-product is
denoted (-, ) ,,. Similarly, we denote by L®((27T)?) the Lebesgue space of bounded functions and W1 ((27T)4)
the space of Lipschitz continuous functions, endowed with their natural norms.

We use the notation (-) = (1 + |-|*)%/2 and A5 = (1 — A)%/2, i.e. the Fourier multiplier with symbol {-)*. For real
s = 0, we denote the L2-based periodic Sobolev spaces by H*((27T)%)":

He((2nT))™ = {U e L*((27T))", |U| . < o0}, where

U} = MU = ). Ry
keZd

o

where ﬁk is the k-th fourier coefficient of U. For X a Banach space and I < R an interval, the space of X -valued
continuous functions on [ is denoted C(I; X). Given n € N, the space of continuously n-th differentiable functions is
denoted C™(I; X).

As mentioned previously, we denote 7y the space of trigonometric polynomials of degree N:

Tw = span{exp(ik - x),k € Z% |k;j| < N,j = 1,...,d}, and T} == Ty % ... x Tn,
—_—

n times

and P = Diag(Py (D)) the Fourier multiplier with symbol Py := 1{_y y7a is the L2-projection operator onto 7.
Here, [-N,N] = {-N,—-N+1,...,N —1,N}.

We set Sy = Diag(Sy (D)) a Fourier multiplier with symbol Sy (-) = S(-/N) where S € C'(R%) is even and
satisfies

S(k) =1 <
S(k) =0 ifminj_y__qlkj| =1,

S(k) € [0,1] otherwise.

and |-| VSY/2 € L®(R?). Apart from these properties, the specific profile of the symbol S is inconsequential.

We denote by C'(A1, Ag,...) a positive “constant” depending on its parameters. Whenever such a parameter
represents the norm of a function, C' depends non-decreasingly on said norm. Whenever the parameter is a subset of
the Euclidean space, C' depends non-decreasingly on this parameter when set inclusion is used as (partial) ordering.
Dependency on regularity indices s € R or the dimension d are omitted when it is unessential or clear from the
context. Note that such constants C' will always be independent of the degree of the approximation V.
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2 Symmetric quasilinear systems

In this section, we consider systems (1.1), where for all j € {1,...,d}, A;(U) satisfies the Assumption A.1 and is
additionally self-adjoint. We have the following standard result (see e.g. [2]).

Proposition 2.1 (Well-posedness). Let s > 1+d/2, and M > 0. Suppose that forall j € {1, ...,d}, A;(Un) satisfies
the Assumption A.1 and is self-adjoint. There exists C > 0 and T > 0 (depending only on s and M) such that for
every U € H*((2nT)4)" such that ‘UO|HS < M, there exists a unique U € C(I; H*((2rT)Y)") maximal-in-time
classical solution to (1.1), and moreover the open time interval I > [0,T/|U°| ..] and for all 0 <t < T/|U°| .,

}U‘HS S ‘U0|HS exp(C’}UO‘HSt) < 2{U0‘H5'

2.1 Discretization with sharp low-pass filters

Recall that the spatial discretization of the problem amounts to finding a solution Uy : ¢t — T3} of the problem

d
oUN + Py <Z Aj<UN>aszN> =0, Uxli=o =PyU", 2.1)
j=1

where Py = Diag(Pn (D)), with Py () = 1p_n npa(-)-

We want to show that the semi-discretized solution U to (2.1) converges as N — oo towards U the corresponding
solution to the underlying system (1.1). To do so, we will first show that the semi-discretized solution exists and is
bounded on a time interval independent of N. This is Proposition 2.2. Then we use this bound to compare the semi-
discretized and continuous solution on the interval of existence in Proposition 2.4. Finally, we refine this result by
showing that if IV is large enough the existence of the semi-discretized solution and the estimate on the difference
hold on any compact subset of the interval of existence of the solution to (1.1).

Proposition 2.2 (Uniform estimates). Let s > d/2 + 1 and M > 0. Suppose that for all j € {1,...,d}, A;(Uy)
satisfies the Assumption A.l1 and is self-adjoint. There exists C' > 0 and T > 0 depending only on s and M
such that for every N € N and for every U° € H*((2nT)%)" such that ‘U()‘Hs < M, there exists a unique
Uy € C(In; H*((27T))™) maximal-in-time classical solution to (2.1) and UN|t=0 = PNyU". The open time in-
terval Iy > [0,T/|U°|,,.] and for all 0 < t < T/|U°| .,

[Un|p. < |U°| . exp(ClU°|,.t) < 2|U°

|1 e

Moreover, for any s' = s, one has Uy € CY(In; H¥ ((2nT)4)") and for any 0 < T* € I and M* > 0 such that
supsepo,r#] |[UN (¢, )| s < M* there exists C* > 0 depending only on s, s' and M* such that for all 0 < t < T*,

‘UN’Hs’ < ’UO

e exp(C*M*t).
The key ingredient to show Proposition 2.2 is the following apriori estimate.

Lemma 2.3. Let s’ > s > d/2 + 1. Let Uy € C(In; H*((2rT)4)™) be solution to (2.1) on I < R open time
interval. Then Uy € C*(In; H¥ ((27T))™) and for any t € Iy, one has

d
q Unlge < C(Unlg:) [UN| g [UN o (2.2)

Proof. Notice Uy = PxUy and hence we have smoothness in space, Uy € C(In; H?((27T)%)") for any o € R.
We infer smoothness in time, Uy € C'(In; H°((27T)%)"), using eq. (2.1), product and composition estimates
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in Hs((27r’]1‘) )* —Propositions A.3 and A.4— and that Py : H*((2rT)4)" — H?((2rT)4)" is bounded. De-
note Uy = AY Upy. Using that Uy satisfies the system (2.1), that P is symmetric for the L? inner-product and
PyUy = Uy, and finally- that A; are self-adoint for all j € {1,...,d} and integration by parts, we have

1dyp. 2 y : d d
§E‘UN o (AU, Un) 12 = ; A%, 4;(UN)]0,Un), Un),, ; J(UN)0:,UN), UN) 12
d d
= Z [A¥, A;(UN) (%:J-UN, Z i(Un) (%JUN,UN)
] =1
d d
= Z [A¥, A;(UN) (7:c7UN,UN Z [0z, A;(Un) UN,UN)

Using the commutator and composition estimates of Propositions A.5,A.4 with sg = s — 1 for the first contribution,
the continuous Sobolev embedding H*((27T)%)" < WL ((2xT)%)™ (Proposition A.1) for the second as well the
Cauchy-Schwarz inequality gives the bound

1d .2

I

2
which yields the desired inequality. O

Now we proceed to prove Proposition 2.2.

Proof of Proposition 2.2. For each N > 0, existence and uniqueness of a local-in-time solution Uy to (2.1) follows
from its formulation as a system of ODEs in the Banach space H*((27'T)%)" (using eq. (2.1), product and composition
estimates in H*~!((27T)%)™ —Propositions A.3 and A.4— and that Py : H*~1((27T))" — H*((27T)%)"
bounded) and the Cauchy—Lipschitz theorem. We denote Iy the maximal interval of existence, and notice as in the
proof of Lemma 2.3 that Uy € C!(I; H¥ ((27T)%4)") for any s’ > s.

The second part of the proposition is an immediate consequence of Lemma 2.3 and Gronwall’s inequality, using
that |[Un|i=o| g = < |U° s+ To show the first part of the proposition, we use a standard continuity
argument. Let

and Jy = {teINmR+ : (pN(t)<2’U0

e

on :t— sup [Un(t,")

Hs
t'e[0,t]

Since Uy € C(In; H*((27T)H)™), pn € C(In nR*;R) is non-decreasing and Jy = ¢ (
interval Let us prove that one can set 7" > O independently of N such that Jy n [0,7/ | ] is an open subset of
. By the second part of the proposition, we can set C = 2C* depending

1) is aclosed

only on s and |U 0| 7+ SUch that

|UN(t, )| s < ’UO

. exp (C ‘UO

wet) <

Choosing T = In(3/2)/C, we find that ¢(t) < 3 s |U° g7+ and hence —by the continuity of ¢ ny— there exists 0 > 0
such that [t — 0,1 + 6] € Jn. ThlS concludes the proof that Jy n [0,7/ |U0 ] is a non-empty, connected, closed
and open subset of [0, 7"/ | .Hence Iy o Jy 2 [0,T/ ‘U 0| Hg | and estimate (2.3) concludes the proof. [l

s exp(CT). (2.3)

Having established a bound on the semi-discretized solution Uy, we proceed to estimate the difference between
the solution Uy to (2.1) and U, solution to (1.1).

Proposition 2.4 (Convergence). Let s > d/2 + 1, M > 0 and suppose that U° € H*((2aT))" with |UO‘ s S
M. Suppose that for all j € {1,...,d}, Aj(Uy) satisfies the Assumption A.1 and is self-adjoint. Denote U €
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C(I; H*((2rT))™) the maximal-in-time classical solution to (1.1), and Un € C(In; H*((2nT))") the maximal-in-
time classical solution to (2.1). Let T' > 0 be the minimum value of Propositions 2.1 and 2.2. Forall0 <t < T/ ‘ U° ’ e
there is a C > 0, depending only on s and M such that for any 0 < r < s,

(U =UN)(t, )|y <C|U°| ;. NT°.

|1

Moreover, for every compact subset I* < I, there is an Ny € N and C* > 0, depending only on s, | and

M* == supyer« (U (t, -)| s such that for all N = Ny, Iy D I* and for any 0 < r < s,

sup}U Un)(t, )

tel*

< C*M*N"~%.

Proof. We shall assume that U° € H5T1((27T)?)", so that U e C(I; H*T((27T))") n C*(I; H*((2nT)4)™). The
general case U € H*((27T)%)" follows by regularization of the initial data, continuity of the flow map and passing
to the limit.

We shall first prove the result for ¢ € [0, 7"/ ’ U° ‘ 7¢]- Recall that T > 0 is the minimum value of Propositions 2.1
and 2.2, so that we have [U (¢, -)| ;. < 2|U°|,;, and [Un(t,-)| s < 2 ’UOIHS forall N € N. Denote Dy := U —Uy
and notice

d d d
Dy + Y. Aj(Un)02, Dy + Y [(A;(U) = Aj(Un))02,U = —(1d =Sy) <Z (UN)0a, UN>

J=1 J=1

Now we apply the smooth low-pass filter Sy and use that Sy (Id —Py) = 0:

d d
2, SxDy + S’ (Z Aj(UN)al,js}V/?DN) +S)? (Z SN, A (UN)]os, DN>

d
+Sy (Z UN))axJU>

Testing against Dy, using that Sy is symmetric for the L?((27T)%)" inner-product and commutes with d; and after
some rearranging we get

9 d d
N, =~ (Z Aj(Uij}V/QDN,S}V/QDN) (Z Sy’ A;(Uy) ]axJDN,SWDN)
Jj=1 2

12

afsvD

L2

d
( gl/2 (Z UN))%U) ’S}vaN) )
-1 12

Using integration by parts and the properties of A;(Uy) —Assumption A.1 together with the composition estimate
of Proposition A.4 and self-adjointness— and the continuous Sobolev embedding H*((27T)%)™ < W1 ((27T)%4)"

2
(Proposition A.1), the first term on the right-hand side is bounded by C(|Un| ) |[Un| - } sY2p N‘LQ' Using the
commutator estimate of Proposition A.6 and the composition estimate of Proposition A.4, the second term on the
right is bounded by C'(|Un|ys) [UN|ys |Dn| 2

third term is bounded by C(|U| . , [UN|gs) |U|ys |Dn| ;2

S}fDN’ . By the composition estimate of Proposition A.4, the
L2

S%QDN‘ , where we again use Assumption A.l as
L2

well as the boundedness of 5%2. In all three estimates, we also used the Cauchy-Schwarz inequality. Altogether, we
get

’SI/QDN‘H) S C(|U‘HS’ UN‘HS) (‘UN’HS |U}HS) (‘SI/QDN}LQ + }DN’B)‘SVZDN‘L?'

i
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Now we remark that since the symbol Sy satisfies Sy (-) € [0,1] and Sy (k) = 1 if max;_;,__q4|k;| < N/2 we have
|( 1/2 < > ‘Lao <N/2>_s and hence

D,z < [SX°Dn| . + |14 =S{*)Dy| 2 < |Sy*Dy| . + (N/2)"*| Dy | .

Hence since ’DN}HS < }U‘Hs + ‘UN‘HS < 4’UO‘HS by the triangle inequality we have

SIS D) < €U 1) [0y, (1SK2 D] + [0°].N =) [SK2 D]

I |1

2dt

and we infer by Gronwall’s Lemma that

Sy°D <c(|u°

t, ')‘LQ = ‘S%2DN’75:0

+INTU0 ) exp (C(U°

) UO]HSt>.

The desired estimate for » = 0 follows by using that S /QDN]t 0= 51/2(1d —PNU° =0, t € [0,T/|U|,,.] and
again

‘HS ‘HS( ’LQ ‘Hs

D,z < [SN*D| 2 +(N/2)7*|U° ..

The general case 0 < r < s follows by the interpolation inequality, Proposition A.2, and using once again that
’U -U N‘ s S 4’U0‘ s DY the triangle inequality.

Let us now prove the proposition for general I* compact subset of 1. Without loss of generality, we can assume
0 € I* and we will focus on positive times, ¢t € I* N R™, negative times being obtained by time-symmetry. Let
d/2+1 < s < 5" and assume U® € H s (this is for notational convenience, as s’ will eventually play the role of s in
the statement of the proposition). Denote M* = 2 supy.y« |U| . and C* the constant depending on s, s’, M* as in
Proposition 2.2, and finally M’ = 2 ‘UO‘HS/ exp(C*M*T*), where T* := sup(I*). We set

Jv={teIynR" : sup ‘UN )‘HS < M*and sup ]UN(t’,-)
e[0,¢] te[0,4]

Hs’ < Ml}?

and our aim is to prove that there exists Ny € N such that for any N > Ny, Jy o I* n R*. We use the continuity
argument. By continuity of Uy € C(In; H* ((2nT)%)"), we have that .Jy is a non-empty closed interval. Let us now
prove that Jy N I* "R ™ is an open subset of I* "R*. Lett € JynI*nR™. We can follow the proof of the first part of
the proposition replacing s with s’ and the bound ‘U’Hs + }UN|HS < 4‘U0‘H5 with ‘U}HS/ + ‘UN‘HS/ < M*+ M

to infer that there exists C, depending only on s’, M* and T such that forall 0 < r < &/,

sup |U(t,-) — Un(t,") C(M* + M")N"~*.

N <
t'e[0,t]

Applying this estimate with = s, it follows that there exists Ny € N depending only on s, s’, M* and T* such that
for any N > Np,

sup ‘UN )}Hs < sup ‘U(t',')‘Hs + sup ‘U(t’, —Un(t ‘HS ;M*
te[0.t] te[0,¢] #€[0,]

Moreover, using the second part of Proposition 2.2, we have immediately

1
sup ‘UN(t,")‘Hs’ < §M’.
t'e[0,t]

This shows, using again the continuity of Uy € C(In;H* ((2rT)4)"), that there exists & > 0 such that
[t —d,t + 8] = Jn, and hence that Jy n I* n RT is a non-empty, connected, closed and open subset of I* n RT.
Hence Jy > I* n R*. Moreover, the desired estimate has been proven along the argument. This concludes the
proof. O
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2.2 Discretization with smooth low-pass filters

Consider now solutions to the systems semi-discretized with a smooth low-pass filter, given by (1.5) and (1.6), and
which we recall here for the sake of clarity.

d
oUN + Sy (Z Aj(UN)aijN> =0, Uyl|i=o =PnU°, (2.4)
j=1
d
OUN + Y (A + SN (AJ(Un)[0]))0x;Un = 0,  Unlio = PNU°, (2.5)
j=1

where Sy is the smooth low-pass filter described in Section 1, and A;(-) = A(])- + Ajl- (), Ag = A;(0).

For symmetric systems, there is no great difference between the semi-discretization with sharp versus smooth
low-pass filters. The results are the same, although the proofs must be adapted slightly. We outline the results and
proofs, but refer to the previous section for technical details.

Our result regarding existence and boundedness of solutions Uy to the semi-discrete problems (uniformly with
respect to V) extends to the case of smooth low-pass filters.

Proposition 2.5 (Uniform estimates). The statement of Proposition 2.2 holds replacing (2.1) with (2.4) or (2.5).

Proof. We consider first the system (2.5). As for the case with the sharp low-pass filter, the key ingredient is an apriori
estimate d

q Unlge < CUNIg) [UN s [UN o (2.6)
fors’ > s >d/2+1and Uy € C(IN; H*((27T)%)™) solution to (2.5) on Iy — R open time interval. To show
this we first notice that, applying (Id —P ) to (2.5) and using that (Id —Px)Sy = 0, we have 0;(Id —Px)Un +
Zd Aoé’z] (Id —Px)Upn = 0and (Id —Px)Up|i=o = 0. By uniqueness of the solution to this initial-value problem,
we infer Uy = PNUN and hence Uy € C'(I; H? ((2xT)%)") for all o € R. Then we apply A* to the system (2.5),
denote UN = A% Uy and infer

d
UN + 3 (A2 + SPANUN)[SY o]0, Un
j=1

d d
— Sy (2 (A7, AL(UN)] a;,,,JUN) —sy? <Z Sy, AL UN)]0, UN> eX)

Using that Sy : L? — L? is bounded, as well as the product, composition and commutator estimates —
Propositions A.3, A.4, A.5 and A.6 — the terms on the right-hand side can be estimated in L?((27T)%)"

IRHS| > < C(|Un|gs) [Unlys [Un

L2’
By assumption, A;(U) = AO + A;(U) is a symmetric matrix for all U € R™ and j € {1,...,d}. In particular,
this implies that AO A;(0) and hence Al (U) are both symmetric matrices, which in turn implies that the operator

Ag + S}\,/QA}(UN)SA; is symmetric for the L?((27T)%)" inner-product for all j € {1,...,d}. Arguing in the usual
manner using integration by parts, we have

Z ( 5xj,51/2A1(UN)51/2]UN,UN)L2
7=1

[\DM—A

d
(Z(AO + Y2 AN UN)[SK ))és, U, UN)
.2

=1

C(‘UN|H5) |UN’HS UN

2’

10
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where we used the continuous Sobolev embedding H*((27T)%)" < WL ((2xT)%)™ (Proposition A.1) and that
5%2 : L? — L? is bounded. Testing the identity (2.7) against Uy, using the Cauchy-Schwarz inequality on the
right-hand side and inserting the two estimates above yields the desired inequality (2.6). With this estimate in hand,
the rest of the proof follows exactly the proof of Proposition 2.2.

Considering now the system (2.4), we notice that the inequality (2.6) is obtained as above, using additionally that

SnAY = S%QA?S%2 is self-adjoint, and the result follows. O

The spectral convergence of solutions Uy to the semi-discrete problems towards the corresponding solution to
the continuous problem (1.1) as N — oo is the identical in the case of sharp or smooth low-pass filters.

Proposition 2.6 (Convergence). The statement of Proposition 2.4 holds replacing (2.1) with (2.4) or (2.5).

Proof. The proof follows the proof of Proposition 2.4, with one modification. Consider Uy € C(In; H*((27T)%)™)
solution to (2.5) (considering instead Uy € C(In; H*((27T)%)™) solution to (2.4) amounts to replacing Ajl- (Un) with
A;(Uy) in the right-hand side of the following identity, with no consequence). Then the difference Dy == U — Uy
satisfies

d d d
Dy + Y. Aj(UnN)02, Dy + Y [(A;(U) = A;(Un))02,U = (Id —Py) (2 AJI-(UN)a;ijN> :

j=1 j=1 Jj=1

Instead of applying Sy as in the proof of Proposition 2.4, we apply Sy, noting that Sy »(Id =Sy ) = 0. Then we
have

d d
12 p gl/2 1/2
atSN/Q-DN +SN/2 (Z UN a:pJSN/Q ) N/2 < N/2’ UN)](%;]DN)

d
+ SN2 (Z Aj(UN))0q, U)

Because Sy /o satisfies the same commutator estimates as Sy and | Id —S%ZH ms—rz < (N/4)75, we may then

proceed exactly as in the proof of Proposition 2.4. OJ

3 Symmetrizable quasilinear systems

In this section, we consider systems that are symmetrizable in the sense of Friedrichs. That is, we assume that there
is an open set i/ — R"™ containing the origin and an operator S(U) which is a symmetrizer for the system (1.1):

Assumption A.2. There exists S(U) a Friedrichs-symmetrizer for the system (1.1), that is, there exists an open
set U < R™ with 0 € U such that for all U € U, S(U) is real-valued, symmetric positive definite, and for all
jefl,...,d}, S(U)A;(U) is symmetric. We assume that all entries of S(-) are polynomial.

We have the following standard result [2].

Proposition 3.1 (Well-posedness). Suppose that the system (1.1) satisfies Assumptions A.1 and A.2. Let s > 1+ d/2,
M > 0and K < U compact. There exists C > 0 and T' > 0 (depending only on s, M and K) such that for every
U° € H*((2nT))"™ such that ‘UO|H5 < M and taking values in K, there exists a unique U € C(I; H*((2xT)4)")
maximal-in-time classical solution to (1.1) and U|t:0 = U", and moreover the open time interval I > [0, T/‘ U° ’Hs]
and for all t € [0,T/|U°|,,.],

U|,. <C|U|,,. exp(C|U°

" )

11
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3.1 Discretization with smooth low-pass filters

We consider the spatial discretization with smooth low-pass filters first, as it is more similar to the previous sections.
Recall that the spatial discretization with the smooth low-pass filter Sy amounts to solving

d

o Un + Sy (Z Aj(UN)aijN> =0, Upli—o =PyU". (3.1
j=1

As discussed in the introduction, one would typically prefer in practice the variant

d
HUN + Y (AY + Sy (AHUN)[0])) 00, Un =0, Unli—o = PNU”, (3.2)
j=1

where A? = A;(0) and A}(U )= A;(U) — Ag. However, we face a difficulty that while any symmetrizer for the
system (1.1), S(U), readily provides a suitable symmetrizer of the semi-discretized system (3.1), such is not the case
for system (3.2), and additional assumptions are needed.

Assumption A.3 (Compatibility of the symmetrizer). Supposing the Assumptions A.1 and A.2 hold, and decomposing
A;(U) = Ag + Ajl-(U) where A? = A;(0) and S(U) = SY + S1(U) where S° = S(0), we have

Vie{l,...,d}, VU €U, SOA(JJ-, SOA;(U) + Sl(U)A(])- and Sl(U)A}(U) are symmetric.

Remark 3.2. As can be seen by Taylor-expanding S(U)A;(U) about the origin, Assumption A.3 holds in particular
when A;(U) and S(U) are linear, that is Ajl- (U) and S*(U) are homogeneous polynomials of order 1 in the entries
of U; see also Remark 3.5.

We have the following bound on solutions U to the semi-discretized problems (3.1) or (3.2).

Proposition 3.3 (Uniform estimates). Suppose that the system (1.1) satisfies Assumptions A.1 and A.2. Let s > d/2 + 1,
M > 0and K < U compact. There exists C > 0 and T > 0 (depending only on s, M, and K) such that for every
N € N and for every U° € H*((2rT))" such that ‘UO{HS < M and taking values in K, there exists a unique
Uy € C(In; H*((2rT)Y)™) maximal-in-time classical solution to (3.1) and U|t:0 = PxU?". The open time interval
Iy o [0,7/|U°| ,.] and forall 0 < t < T/|U°| ..,

Un|,,. < C|U°| ;. exp(C|U° ;1) < 2C|U°

‘Hs ‘Hs

Moreover, for any s' > s, one has Uy € C*(In; H* (27T))") and for any 0 < T* € Iy, M* > 0 and K* c U
compact such that supyepo 7x) [Un (¢, )| s < M* and Un ([0, T*] x R?) = K* there exists C* > 0 depending only
on s, s', M* and K* such that for all 0 < t < T*,

Un|ye < C*|U°

o €xp(C* M*t).
The same results holds replacing (3.1) with (3.2) if additionally Assumption A.3 holds.

Proof. As in Propositions 2.2 and 2.5, the key ingredient is an apriori estimate, and we focus on the derivation of
such estimates for solutions Uy € C!(I; H”((2ﬂF)d)”) for all o € R (recall Uy = PyUp since Sy = SyPn).
We consider system (3.2) which is the most involved, the case of system (3.1) being obtained in the same way.
Indeed, while the symmetrizer of the system (1.1), S(U), readily offers a suitable symmetrizer of the semi-discretized
system (3.1), for (3.2) we need to consider a modification, namely

SU)[o] = S° + SYA(SHW)SH[e)). (3.3)

12
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Recall Sy = Diag(Sn (D)) and the symbol Sy is nonnegative, hence SI/ 2= = Diag(Sn(D)'?) is well-defined. Let
us first prove that for any K < U compact, there exists 0 < o < 5 < o0 such that for all U < K and V' € R" one has

alV[. < (SU)V,V),, <BIV]. (3.4)

Note first that the result holds for S(U) by Assumption A.2, and hence for S° = S(0) since 0 € U. The result then
follows from the identities

2= SV, V) + (SYU)SPV, SV L
= ($°04-5)PV, (14 -53)PV) s + (SWISYV. V)

(SW)Vv,V)

and

9 .

V2, = ’(Id —SN)l/QV‘: + ]s}V/QV

Now we want to show that for any s’ > s > 1 + d/2 and Uy solution to (3.2) taking values in < U compact one

has

1d /g v y ,
537 (SWMA UN A"U) | < O, U ) [UN g (UG (3.5)

Indeed, if (3.5) holds, applying (3.4) in (3.5) and using Gronwall’s Lemma yields the following estimate
t
ot 2(IK*) [UN(t, ) gy < Fir(£) < Fip (0) exp (al(’C*)f CK* JUN(T ) o) [UN (T ) s dT>
0
< B2(C*) [UN(0, )| yor exp (8 x a7 (K*)C(KC*; M (£)) Mi(1))
where * is compact with K < U* < K* < U and U* open, and where we denote

_ , L N12
Folr) = (S(UN)AS Uy, A® UN) .

and  M(t) = sup |Un(7,")|ys -
t—r T€[0,¢]

The estimate is valid as long as Ux (7, -) takes values in IC* for all 7 € [0, ¢]. This is ensured by
t

UN (7. = Uklye < [ 100N (e dr < 8 x CUCT ML) M. (0
0

which follows from the system (3.2) and continuous Sobolev embedding H*((27T)%)" < Wh®((27T)%)" (Proposi-
tion A.1). By means of these estimates, we can employ the continuity argument as in the proof of Proposition 2.2 to
conclude the proof.

Let us now prove the estimate (3.5). Apply A* to the system (3.2) and denote Uy == AUy to infer

d d
oUn + Z(A? + SN(AJI(UN)[O]))&CJUN = —Sy (Z As Al UN anUN>
Jj=1 =1

Applying the operator S (Uy) to the system and using the self-adjointness of S (Un) we get

d
5 (120 810N, O) 2( (UN)(A? + Sn(AYUN)[e]))2, U, U )

CL‘Q

- (SUNON,Uy) | =

N |

i (S@wsw ([A7, 4}WNN,Ux) . Ov)

j=1

13
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By using that ¢; commutes with SY and 511\;2 we get

(101 S@mION. Uw) | = | (100 S"OMISYUn.SY*UN) | < C (K, [UNL) 10U o |SK 0N i .

ul-

It follows from the system (3.2), continuous Sobolev embedding H*((27T)4)" = W1 ((2xT)?)™ (Proposition A.1)
and product and composition estimates (Propositions A.3 and A.4) that

(100 S@MIUN, U | < € 0,10 1) [U gy (O

For the third term, we use the boundedness of the operators S (Uy) and Sy and the commutator estimate in Proposi-
tion A.5 and find

|(S@w)sw (147, AHUN12:,UN ) Un) | < C (6,10 g2) U] g [Un 3
Estimating the remaining term requires more care, since S (Uy) is not a perfect symmetrizer for the system. Observe

S(UN)(A? + Sy (ALUN))) =S°A% + SY2(SH (UN) A + S°ALUN))SK + Sn S (Un) AN Uny)Sh
+SR7SOIS 37, ALUN)] - SYPISNE, SY(Un)ISNAN(UN) + Sy S (Un)[Sw, AL(U)]
=Sym(Uy) + Com(Uy).

Notice that all terms in the first line —the sum being denoted Sym (U )— are symmetric operators by Assump-

tion A.3, while the remaining terms —the sum being denoted Com (U y )— involve commutators between 5%2 and
either S1(Uy) or A} (Uy). Integration by parts and symmetry considerations implies that

(Sym(UN)2,Un, Un) 12| < COC U ) [N g [0 -

For the other terms we use that 5%2 satisfies the commutator estimate in Proposition A.6 to infer

(Com(UN)2,, U, Un) 2| < C, Oz [UN g [UN 3y

Combining all the estimates shows (3.5), which concludes the proof. O

Having established uniform bounds for solutions Uy to the semi-discretized system (3.1) and (3.2), we now show
the convergence towards corresponding solutions of the underlying continuous problem (1.1) as N — 0.

Proposition 3.4 (Convergence). Suppose that the system (1.1) satisfies Assumptions A.1 and A.2. Let s > d/2 + 1
and U° € H*((2nT)?)" such that U° takes values into the hyperbolic domain U. Denote U € C(I; H*((2rxT)%)")
the maximal-in-time classical solution to (1.1), and Uy € C(In; H*((27T)4)") the maximal-in-time classical so-
lution to (3.1). For every compact subset I* — I, there is an Ny € N and C* > 0, depending only on s, |I*|,
supyers |U(t,*)| s and K* = U compact such that U (I* x RY) < K* such that for all N > No, one has Iy > I*
and forany 0 < r < s,

sup}(U —Un)(t,-)

tel*

o < C* M* NT*S.
The same results holds replacing (3.1) with (3.2) if additionally Assumption A.3 holds.

Proof. The proof is similar to that of Propositions 2.4 and 2.6, and we only sketch the main arguments. We consider
the system (3.1); system (3.2) can be treated in a similar way after introducing the symmetrizer S(U) defined in (3.3)

14
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1/2

as in the proof of Proposition 3.3. Denote Dy := U — Uy and use that (Id —Sy)S N2 = 0 to infer
1/2 gl/2
OiSy D + Z Aj(UN)22, S35, D + Z Sx 7 Aj(UN)10s, Dy
7j=1
gl/2 d
N/2 (Z UN))a% U)
Jj=1
Applying the symmetrizer S(Uy ) and testing against S}\%D ~ yields,
LA ()52 Dy, SY2 Dy =2 ([0, S(UN)]SY2 Dy, Y2 D
5% ( (UN)SN 12 Dn> Sy N>L2 =3 ([ 1, S(UN)IS N9 DN, SN N>L2

|
M=

SUN)A;(UN)2:, S D, S )

<.
Il
—

|
=
/N /N /N

SUN)[SK 2 Aj(UN))2s, D, S35, D)

~ N/2° 12
d 1/2 1/2
= (SWNSY, (4;(U) = A;(UN))2,U) ,SN/QDN>L2.

<.
Il
—_

The first two terms can be estimated in the standard manner using that S(U) is a symmetrizer, i.e. Assumption A.2.

The third term is estimated using the regularizing properties of the commutator with S 1/2 Proposition A.6. The

N/22
fourth term is estimated thanks to Assumption A.1. Altogether we obtain

1d 1/2 1/2

N/2 N/2 C(|U‘HS’

UN‘HS) ({U‘HS + ‘UN}HS) (‘S%?QDN‘HHDN‘L?)’S%?QDN‘LT

L2
With this estimate in hand, we can follow the proof of Proposition 2.4. Using that | Id —S%?Q sz < (N/4)7%, the

coercivity of S(Up ) —see (3.4)— and the uniform estimates for U y stated in Proposition 3.3 we infer (by Gronwall’s
lemma), denoting M* = 2sup;.« |U| - and assuming supyer« |[Un(, )|y < M* and Uy (I* x R") € K* c U,

[SNHDN(E: ) 2 < CUCH, MM (ST, Di|,y | 2 + EN*[U°] ) exp (COCH, M) M),

1/2 B
and we have moreover S N /2D N ’ b0 = 0 and

}DN‘LQ < ‘S%?2DN‘L2 +<N/4>7S|UO‘HS'

This yields the desired estimate for » = 0, and the general case follows by interpolation. A continuity argument
concludes the proof as in Proposition 2.4. O

Remark 3.5. Let us comment on the restrictive Assumption A.3 arising in the study of system (3.2). This assumption
allows to ensure that we can construct a symmetrizer operator S(U) that is

1. bounded, coercive and self-adjoint for the L?(R®)" inner-product, and

2. such that S’(U)(Ag + SNA} (U)) is self-adjoint up to regularizing operators of order —1.

15
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Let us notice that if Assumption A.3 does not hold, it is possible to modify the semi-discretized scheme (3.2) in a way
that allows for a symmetrizer operator satisfying at least partially the above requirements. Specifically, consider the

system
d mj

HUN + Y > SN(ASUN)[0])0x;Un = 0, Unli=g = PNU°, (3.6)
j=1¢=0

and associated symmetrizer
& l l
SW)e] = 3, SY*(S"@SK’[e)).
=0

where we used the convention 59\7 = Id and va = Sy o---0Sy, and decompositions
y_w_/

0 times
S =Y SW). AW =Y AW)  GelL....d
£=0 £=0

where entries of S*(-) and Aﬁ () are homogeneous polynomials of order (.

By Taylor expansion about U = 0 of the symmetric matrices S(U) and S(U)A;(U) we find that S*(U) and
D0y lo—t Sh (U)A;2 (U) are symmetric. This shows that S(U) is self-adjoint for the L*(R)" inner-product and,
denoting A;(U)[0] = >0 Sh (Ag(UN)[o]), S(U)A;(U) is self-adjoint up to regularizing operators of order —1.
Notice however that some additional restrictions on smallness of U € U may be necessary to enforce the coercivity
of the operator S(U).

3.2 Discretization with sharp low-pass filters

In this section we consider the case of spatial discretization through the sharp low-pass filter Py = Diag(Pn (D))
where Py (-) = 11_y npa(*):

d
:UN + Py <Z Aj(UN)a,,,jUN> =0, Uyl|i—o=PnU". (3.7)
j=1

The analysis of the previous section fails, due to the lack of good commutator properties of the operator P . Specifi-
cally, when applying a symmetrizer S(U) to the underlying system (1.1) we may write

d d
S(UN)(%UN + Z S(UN)AJ‘(UN)(%;]. Uy =-— 2 S(UN)(Id —PN> (AJ<UN)GI7 UN).
j=1 J=1

In order to control the energy functional F5(Uy) = (S(Un)A*Uy, A® UN)l/ LN ‘UN ‘ 7+ @s in Proposition 3.3, we
wish to control (uniformly with respect to N) the quantity J(Uy, A*Uy ) where

IN(U, V) = (PN (S(U)(Id —Py) (Aj(U)(aijNV))) : v)

2’

. . . . . . 2
As we shall see in an example in Section 4, it turns out we cannot improve in general the bound Jy = O(N !V‘ T2)-
Notice that in the symmetric cases discussed in Section 2.1, namely when S = Id, we have Jy = 0.

In this section we consider symmetrizable systems satisfying the following assumption.

Assumption A.5. There exists S(-) and an open set U < R™ with 0 € U such that for all U € U, S(U) is real-
valued, symmetric positive definite, and for all j € {1,...,d} there exists S? real-valued symmetric matrix with
constant coefficients such that for all U € U,

A;(U) = 5)5(U).

We assume that all entries of S(-) are polynomial.

16
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Remark 3.6. Assumption A.5 is a special case of symmetrizable systems, as it implies Assumptions A.1 and A.2.

Remark 3.7 (Hamiltonian systems). Assumption A.5 is motivated by the Hamiltonian structure of the underlying

system. Indeed, denote
d

Ji= ) 8%,
=1

the constant-coefficient skew-symmetric (for the L?(R?)"

Sfunctional such that for all U € U,

inner-product) operator and 7€ : U € U — R coercive

Hess(#(U)) = S(U).
Then we remark that (1.1) takes the Hamiltonian form
oU + J(VU%”(U)) =0,

where Vy 7 - U — R™ is the Jacobian of .
Moreover, noticing that (3.7) also enjoys a Hamiltonian structure,

oUn + J(VU%N(UN)) =0
where /N (U) = 7 (PNU), we find that Hess( N (Un)) = PnS(Un )P is a symmetrizer of the system (3.7).
Under this assumption, we have the following bound on solutions U}y to the semi-discretized problems (3.7).

Proposition 3.8 (Uniform estimates). Under the Assumption A.S, the statement of Proposition 3.3 holds replac-
ing (3.1) with (3.7).

Proof. We follow very closely the proof of Proposition 3.3, and only sketch how the necessary estimates can be
obtained. Apply Py S(Un)PyA* to the system (3.7) and use the identity A;(Uy) = S;-)S(UN) to infer

P (S(UN)PN(0:ATUY)) )(Py S, PN(S(UN)axjAS’UN)))

HM&

d
— —Py (Z (Un)P ([A® ',S?S(UN)](?ijN)>

where we used that P3, = Py commutes with SJQ and A®. We can now test the identity against A* Uy and use the
self-adjointness of Py, S;-) and S(Uy) as well as the identity Uy = PyUJ to infer

1 d Sl 8/ _1 s/ SI
53 (SWMA N A"UN) =5 ([0 SUN)IAUN, AU |
d
= Y (89Pw ([0, SUN)IAUN), Py (SUN)ATN) ) |
j=1
d ! /
-y (S(UN)PN([AS | SYS(UN)]0s,Un), A* UN)L2 .
j=1

We then proceed as in Proposition 3.3 and obtain the energy estimate valid as long as Uy takes values into K < U

compact:
1d

2dt
where the constant C' depends only on s, s’, K and non-decreasingly on |Ux|;.. We also have immediately the
coercivity of S(U): forany U < K and V' € R" one has

a|VZ < (S(U)V,V) < B|V[2,,

(S(UN)ASIUN7AS/UN>L2 <C |UN’HS |UN’?{S' R

where 0 < a < 8 < oo depend uniquely on /C. These two ingredients yield the desired result. O
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Having established uniform bounds for solutions Uy to the semi-discretized system (3.7), we infer the conver-
gence towards corresponding solutions of the underlying continuous problem (1.1) as N — oo.

Proposition 3.9 (Convergence). Under Assumption A.5, the statement of Proposition 3.4 holds replacing (3.1) with (3.7).

Proof. The proof is identical to that of Proposition 3.4. O

4 Numerical experiments for the Saint-Venant system

We shall illustrate our findings and investigate numerically the standard Saint-Venant (or shallow water) system

om+ V- ((1+nu) =0,
ou+ Vn+ (u-V)u =0,
which describes the propagation of shallow water waves in the flat-bottom situation; see [17]. Specifically, the scalar
variable 7 describes the elevation of the surface of a layer of homogeneous, incompressible and inviscid fluid and the
variable u represents the layer-averaged horizontal velocity of fluid particles (both depending on time and horizontal

space). The gravitational constant has been set to g = 1.
It will be interesting to consider the following variant (when d = 2)

om+ V- ((1+nu) =0,
o+ Vn+ 3V (lu?) = 0.

4.1)

4.2)

While the two systems are identical when d = 1, only the second has a Hamiltonian structure when d = 2; see below.
As exhibited in the following section, the hyperbolicity domain of the Hamiltonian system (4.2) is a strict subset of
the hyperbolicity domain of the standard system (4.2).

Thanks to these features, numerical experimenyts on the Saint-Venant systems allow to showcase our numerical
findings, that we summarize here for the sake of readability.

* Numerical experiments validate our results concerning the spectral convergence of the (semi-)discretized solu-
tions as N — oo, when Assumptions A.1, A.2 and A.3 hold and smooth low-pass filters are used.

* In the case of sharp low-pass filters, we have not been able to observe numerical instabilities when Assump-
tions A.1, A.2 and A.3 hold but Assumption A.5 fails.

* Contrarily to sharp low-pass filters, smooth low-pass filters are able to instate a form of stability even outside
the domain of hyperbolicity, that is when Assumption A.2 fails.
4.1 Analysis of the Saint-Venant system
We can apply the analysis of the previous sections to systems (4.1) and (4.2) due to the following result.

Lemma 4.1. System (4.1) is a symmetrizable hyperbolic system in the sense of Assumptions A.1 and A.2 with hyper-
bolic domainU = {(n,u) e R'* : 1+ 5> 0} and

;
S ) = (g (1 oy1a) @3

where 1d is the identity matrix in R%. Moreover, the additional Assumption A.3 holds (see Remark 3.2).
System (4.2) satisfies Assumption A.5 (and hence Assumptions A.1 and A.2; see Remark 3.6) with hyperbolic
domain Uy = {(n,u) e R"*? : 14+ — |u|* > 0} and

T T
Sor((n, ) = (i 14n) Id> and S = (; eg) where eq = (é) Jes = (?) 4.4)
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(when d = 2, set ej = 1 for the analogous definitions for d = 1) and Hamiltonian energy

1

Ay =g | el

Remark 4.2. As aforementioned, systems (4.1) and (4.2) are identical when d = 1, and hence enjoy both properties.
Notice that, when d = 2, the domain of hyperbolicity of system (4.2), U,p, is strictly embedded in the domain of
hyperbolicity of system (4.1), U, while only the former satisfies Assumption A.5, associated with its Hamiltonian
Sformulation.

Proof. The systems (4.1) and (4.2) can be reformulated as

d
QU + ) Aj(U)o,,U =0, (4.5)
j=1

with U = (n,u) and

Aj((n,u)) = <Zj (1;117218})

for system (4.1) and
1 T
At = (1)

ej eju

for system (4.2). It is then straightforward to check the assumptions. O

Recall the spatial discretization of the system (4.5) with the smooth low-pass filter Sy,

d
oUn + SN (Z Aj(UN)aijN> =0, Upli=o= PNUO, (4.6)
j=1
or
d
OUN + Y (A + SN (AJ(Un)[0]))0x;Un = 0,  Unlio = PNU°, (4.7)
j=1

and the spatial discretization with the sharp low-pass filter P,

d
oUN + Py <2 Aj(UN)&EjUN> =0, Uplio =PyU". (4.8)
j=1

It follows immediately from Lemma 4.1 that we have convergence of the numerical scheme in all three cases.

Proposition 4.3. (Convergence) The statement of Proposition 3.4, concerning spectral convergence of solutions
to the semi-discrete systems (4.6) and (4.7), holds for the Saint-Venant system (4.1) whenever U° takes values in
U = {(n,u) e R™% : 1+ n > 0}. Ifadditionally U° takes values in U = {(n,u) € R"*? : 1+ — |ul® > 0},
then Proposition 3.4 also holds for the Hamiltonian Saint-Venant system (4.2).

Whenever U° takes values in U 5, we furthermore have that the statement of Proposition 3.9, concerning spectral
convergence of solutions to the semi-discrete system (4.8), holds for the system (4.2).

Proof. Lemma 4.1 ensures that the systems (4.1) and (4.2) satisfy the assumptions of Proposition 3.4 with symmetriz-
ers S(U) and S, (U) respectively, and that (4.2) additionally satisfies the assumptions of Proposition 3.9. The do-
mains U/ and U »» correspond respectively to the domains for which the symmetrizers S(U) and S_»(U) in (4.3), (4.4)
are positive definite, as required in Assumptions A.2 and A.5. O
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Remark 4.4. As discussed in the previous section, Section 3.2, we require more stringent structural assumptions to
show convergence for symmetrizable systems when discretizing with the sharp low-pass filter P . The Saint-Venant
system when d = 1 illustrates that we may also have to require a stricter condition on the inital data (U° taking
values in U ), even for systems that satify the structural assumptions.

This is because any symmetrizer for the underlying system in the sense of Assumption A.2 satisfying the additional
compatibility Assumption A.3 can be used to construct a symmetrizer to the semi-discrete systems (4.6) and (4.7). For
the the semi-discretization with P (4.8) on the other hand, we use the symmetrizer directly related to the structure of
the system through Assumption A.5 to construct a symmetrizer for (4.8).

Let us illustrate the discussion in Remark 4.4. As discussed in the beginning of Section 3.2, considering a semi-
discrete system with sharp low-pass filter emanating from a symmetrizable continuous system with symmetrizer
S(U), one wishes to control the energy functional F5(Uy) = (S(Un)A*Un, ASUN)l/2 A ‘UN‘HS, which in turn
requires to control (uniformly with respect to V) the quantity Jn (Un, A*Uy) where

InN(U, V) = (PN (S(U)(Id “Py) (Aj(U)(ﬁijNV))) , V)

L2’

In the specific case of the Saint-Venant system (4.1) when d = 1, one has

FU) = f (M%) + (14 ) (A*w)? da
(27T)

=y 2). w12, 0-(0)

Let U = (1, up,) where 1, = —1 cos(pz) and u,, = sin(pz), and Viy = (0,sin((N — ¢)z)) with 0 < ¢ < p < N.
A direct calculation yields

and

(1d —Px) (A(U) (0PN Vi) = N-q <_ cos((NV' = ¢ +p)x>) +O(1),

4 2sin((N — ¢+ p)x)
so that
Py (SU)(10 —Px) (AW (@, Py Vi) ) = <*Sm(( v q)x)> +o(),
and hence

IN(U. Vi) =~ (N —q) +O(1),

This shows that one cannot propagate for positive time (at least in a direct manner) a uniform-in-/N' control of the
energy functional F5(Uy) for Uy the solution emerging from initial data Uy, :== U + V /(N — q)*, despite the fact
that U € U since 147y > 1/2 > 0,and [UR [, ~ 1. Notice also that Uy, ¢ U since 1+n(3;)—|u(g5)[* = 0, but
one could enforce U]Q, € U (while keeping valid all previous statements) by considering for instance u,, = % sin(px).
In that case, the Hamiltonian structure allows to propagate the functional 7 ((U) ~ }UN | s With

Fos(U) = (Sp(U)NU,NU)? = J( o (A*0)2 + (1 + n)(A%uw)? + 2u(A®n)(A®n) da.

4.2 Numerical experiments in dimension one

We seek numerical approximations to (4.1) with d = 1 (or, equivalently, (4.2)), nas, uas, in terms of finite Fourier

sums of the form
M

f@) = > apexp(ika),

k=—M+1
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and similarly for uys. The vectors n = (nas(z1), ..., nv(zonr))s, w = (upr(xy), ..., upr(x2ps)) contain the values
of mar, ups at regularly spaced collocation points x,, = —m + 7n/M,n = 1,...,2M. We use the discrete Fourier
Transform, computed efficiently with a Fast Fourier transform (FFT), to find

M M
v (z) = Z i exp(ikx), up(x) = Z uy exp(ikx),
k=—M+1 k=—M+1
where = (Q_pr41,---, M), @ = (W_pr41, ..., Upr) are the coefficients of the Fast Fourier transform of 7, u,
and k = k/m,k = —M + 1,..., M are the discrete Fourier modes. Abusing notation, we will incorrectly refer to

Tk, Uy, as Fourier coefficients (they are related to the coefficients c; of infinite Fourier series f(z) = },;c7 ¢; exp(ijz)

through fj, = 2.jez Ck+2jMm)- For functions f € H*(27T), the error due to this aliasing effect is of order M ~°.

Spatial differentiation is now obtained by multiplying the Fourier coefficients with ik. Nonlinear operations are
computed pointwise on collocation points z,, via inverse Fast Fourier transform. This procedure leads, in general, to
aliasing errors. For polynomial nonlinearities (such as for the Saint-Venant system), one can use so-called dealiasing
techniques to remove these errors. For quadratic nonlinearities, one may for example use Orszag’s 3/2-rule [20],
which consists of adding a sufficient number of Fourier modes with coefficients set to zero. For more information on
spectral methods and dealiasing techniques, we refer to [5] and [25].

In our numerical codes, to remove aliasing errors from the nonlinear terms while still working with vectors 7, &
of fixed length, we shall set the highest 1/3 of the Fourier modes to zero. As we numerically compute approximate
solutions of the semi-discretized equations (4.7) and (4.8), this procedure is naturally performed when applying sharp
or smooth low-pass filters, P, Sy, with N < 2M /3. For the smooth low-pass filter, we use the example from the
introduction, that is Sy = Diag(Sy (D)) with Sy(-) = S(-/N) and S(-) = max(0, min(1,2 — 2|-|))?. For the
discretization with the smooth low-pass filter, we shall consider only the version (4.7) where the low-pass filter is only
applied to nonlinear terms.

This procedure of semi-discretization in space yields a system of differential equations in time for the Fourier
coefficients 7, w. We approximately solve this initial-value problem using an explicit Runge-Kutta 4 method. All
numerical simulations are made using the Julia package WaterWaves1D [9] and can be reproduced using the scripts
available at WaterWaves1D. jl/examples/StudySaintVenant. jl.

From now on, we denote the number of collocation points by 20, and let N = |20/ /3], that is, the greatest
integer smaller than 21/ /3. Our numerical scheme maintains the highest 1/3 of the Fourier modes to zero at each
time-step, see the discussion above. Abusing notation, we will refer to the fully-discretized numerical solution as
Uy = (nn,un), since only 2N Fourier modes are nonzero. This convention means that N plays the same role in this
section as in the previous, analytical sections. We will compute the numerical solution with 2M = 27, j = 6,...,15
collocation points and use time step dt = le — 5. The time step is an order of magnitude smaller than needed to
avoid stability issues, and small enough to ensure the error due to the spatial discretization dominates. We will use the
solution computed with 2/ = 25 and sharp low-pass filter as a reference solution Uyt = (Mref Uret ), and compute
the relative error of the numerical solutions Uy = (1, uy) by comparing with the reference solution:

- |UN - Uref‘Hs

The norms will be computed approximately using the Fourier coefficients of the numerical solutions.

We solve numerically the Saint-Venant system (4.1) in one spatial dimension. For the tested initial data in & ,», nu-
merical results are in agreement with the analysis. To study the experimental convergence, we consider the following
initial data for o > 0,

no(x) = %exp(— |z|*) exp(—4z?), up(x) = 0. 4.9)

Notice U? = (1o, ug) satisfies both 1 + 79 > 0 and the stricter condition 1 + 79 — (ug)? > 0. The initial surface is
a heap of water situated at the origin. Both 79, u¢ decay to machine precision at —, 7w and can therefore be seen as
periodic. Moreover, U° € H*+1/2(27T)2. We let @ = 1.5 and simulate the time-evolution up to a final time 7' = 0.5
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with either sharp or smooth lowpass filters applied to the nonlinear terms. A plot of the initial data as well as the

decay of its Fourier coefficients (through E*(U?) = Wrer —Parbretl s ) j5 shown in Figure 1.

‘Uref ‘ HS
0 . —
u’ ‘\\\1~ : f:\
N e
[ 1 —3 —
04 0 . ‘\‘;\\
.-
e T
e
0.3 °
)
02 | i, °
107
<]
0.1 ]
]
00 1 1 1 1 1 1 1 L L
3 2 1 0 1 2 3 107 10° 10"
x 2M
(a) Plot of the initial data (4.9), where ) is the initial sur- (b) Decay of the Fourier coefficients for the initial
face profile, and uy is the initial velocity. data (4.9). The blue and orange points show ES(UO) for

s = 0,1 respectively. To illustrate, the blue and orange
lines have slopes —2 and —1 respectively.

Figure 1: Experiments with initial data (4.9).

Figure 2a show log-log plots of the error E, at time 7" = 0.5 for the numerical solution for 2M = 27,j =
6,...,15 computed using sharp and smooth low-pass filters. Figure 2a shows the relative error measured in the
L?-norm, Ey(Uy) and in the H'-norm, E1(Uy). The experimental order of convergence, given by

log(Es(UN)/Es (UN+1))
log(2) ’

EOCs =

is given in Figure 2b. With the initial data in H?(27T)¢, we expect from the analysis that the L?-error should decay
as O(N~2) and the H'-error should decay as O(N ') when using both the sharp and smooth low-pass filter. This
aligns with our numerical results. The absolute error is slightly larger when using the smooth low-pass filter, which
is to be expected since applying Sy removes more information in each time step than does Pp. Taking as initial
data (4.9) with other values of o (we have tested o = 1, 2.5, 3) also yields the expected results.

Let us now consider initial data (o, ug) € U\U,p, that is satisfying 1 + 79 > 0, but nor the stricter condition
1 4+ 1o — (ug)? > 0. In particular, we will consider the initial data from the example at the end of Section 4.1, with
q=0,p=1,s=2:

1 ) sin(Nz
Uz(\)/ = (no, uo,N), név(a:) = ——cos(z), won(z)=sin(z)+ J(V?)

. (4.10)

Notice f(z) = 1 — § cos(z) — sin®*(z) < 0 forz € (=%, —%) U (%,%). On the other hand, 1 + 7o(z) > 0 for all
x € 2n'T. We therefore expect the numerical scheme to converge when using the smooth low-pass filter, but that there
may be instabilities when discretizing with the sharp low-pass filter. Convergence plots for the numerical solutions in
both cases are shown in Figure 3b. In line with the analysis, we have convergence when using the smooth low-pass
filter. However, this is also true for the sharp low-pass filter. Despite many attempts, we have not been able to observe
numerical instabilities for initial data we have tested satisfying 1 + ng > 0 but violating 1 + ng — (ug)? > 0.
Interestingly, we do observe a difference between sharp and smooth low-pass filters when (barely) violating the

non-cavitation assumption 1 + 79 > 0. Let

sin(Na:)‘

N @.11)

no.N(x) = —cos(x), won(x)=sin(z) +
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(a) Plot illustrating the convergence of the numerical
schemes (4.7) and (4.8) as the number of collocation
points 2M increases. The plot shows the relative error of
the numerical solution for initial data (4.9) in H?(27T)?
measured in the L2-norm, Ey and in the H'-norm, F;
for 2M = 27,5 = 6,...,14 when using either sharp or
smooth low-pass filters. To illustrate, the blue and orange
lines have slopes —2 and —1 respectively. The numerical
scheme exhibits spectral convergence with both sharp and
smooth low-pass filters.

Sharp low-pass filter | Smooth low-pass filter
2M | EOC) EOC; EOCy EOC,
26 1.69 0.7 2.75 1.7
27 | 2.02 1.01 1.93 1.00
28 2.02 1.01 1.97 0.99
29 | 2.04 1.03 1.95 0.97
210 2.03 1.02 1.94 0.96
211 2.03 1.02 1.98 0.98
212 2.01 0.99 1.98 0.99
213 1.95 0.92 1.98 0.98

(b) Experimental order of convergence for the numerical
solution with initial data (4.9) for both sharp and smooth
low-pass filters. The Experimental order of convergence
is measured in the LZ2-norm, EOCj, and in the H!-norm,
EOC,.

Figure 2: Experiments with initial data (4.9).
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(a) Plot of the initial data (4.10), where 7 is the initial

surface profile, and uy is the initial velocity.
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(b) Plot illustrating the convergence of the numerical
schemes (4.7) and (4.8) as the number of collocation
points 2M increases. The plot shows the relative error
of the numerical solution measured in the L2-norm, Ej
and in the H'-norm, F; for 2M = 27,5 = 6,...,14
when using either sharp or smooth low-pass filters. To il-
lustrate, the blue and orange lines have slopes —2 and —1
respectively. The numerical scheme exhibits spectral con-
vergence with both sharp and smooth low-pass filters.

Figure 3: Experiments with initial data (4.10).
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Duy, 2M=2" uy, 2M =2

sharp
smooth

sharp
smooth 50 F

25

—925 b

=50

(a) Plot of the second derivative of the velocity u at time (b) Plot of the second derivative of the velocity u at time
T = 0.1 with initial data (4.11) with 2M = 20 The T = 0.1 with initial data (4.11) with 2M = 2'2. The
orange and blue lines show the solutions found by using orange and blue lines show the solutions found by using
the the numerical schemes (4.7) and (4.8) with smooth and the numerical schemes (4.7) and (4.8) with smooth and
sharp low-pass filters respectively. sharp low-pass filters respectively.

Figure 4: Experiments with initial data (4.11).

Figure 4 shows the second derivative of the velocity at time 7' = 0.1 for smooth and sharp low-pass filters for
2M = 219 and 2M = 2'2. The second derivative blows up at the point z = 0 where the non-cavitation assumption is
violated when using the sharp low-pass filter, but not when using the smooth low-pass filter.

4.3 Numerical experiments in dimension two

The numerical simulations of the Saint-Venant system with d = 2 are analogous to the case when d = 1 and
are made in the same Julia package WaterWaves1D [9]. They are also reproducible using the scripts available
at WaterWaves1D. jl/examples/StudySaintVenant. jl. We let 2M denote the number of collocation
points in each of the two spatial dimensions, = and y, which form a grid with 4M? collocation points. As in the pre-
vious section, we set N = |2M /3] and let Py, S be as described in the introduction. In particular, notice Sy is now
a composition of one dimensional low-pass filters: Sy := Diag(Sn (D)) with Sy (k1, k2) = S1(k1/N)S1(k2/N),
where we set S (+) :== max (0, min (1,2 —2|-)) ?. We denote numerical approximations by 7y, ux, vy. The values
at collocation points 77, u, v and associated discrete Fourier modes 7}, w, © are 2M -by-2M matrices.

Our main interest in studying numerically the systems in two dimensions is to examine whether we observe
any difference between the Hamiltonian and non-Hamiltonian version of the Saint-Venant system, respectively (4.2)
and (4.1). While there is indeed a difference with respect to stability of the numerical schemes —we observe insta-
bilities with the sharp low-pass filter when violating 1 + 79 — (u + v3) > 0 for (4.2), but not for (4.1)— this can
be explained by the difference between the hyperbolicity domains {/;» and U/ rather than on the presence or absence
of a Hamiltonian structure. Because the setting of dimension d = 2 is computationally costlier, we use timestep
dt = 5e — 4 in our numerical experiments and, when calculating relative errors, we take as a reference solution the
numerical solution computed with 2M = 219

We test the numerical method on initial data in H*((27T)?)? of the form

no(z,y) = (ho — 1) cos(x) cos(y),

. sin(Nx) cos(Ny
uo(w,y) = wysin(z) cos(y) + up ( z)v ( ), (4.12)
cos(Nx)sin(N
w0l y) = vy cos() siny) + v, I,
where hg > 0,u;,v,s = 0 are real numbers. When u; = v and u, = vy, the initial data is irrotational, and

systems (4.1) and (4.2) are equivalent.
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(a) System (4.1) (b) System (4.2)

Figure 5: Plot illustrating the convergence of the numerical schemes (4.8) and (4.7) for the systems (4.1) (in the left)
and (4.2) (in the right) in two spatial dimensions as the number of collocation points 20 increases. The plot shows
the relative error of the numerical solution for initial data (4.12) with hg = 0.5, u; = —v; = 0.5, u, = —vp = 1 and
s = 2 attime T = 0.1. The initial data is in in H2((27T)?)? and the relative error is measured in the L?-norm, Ej
and in the H'-norm, F for 2M = 27,j = 6,...,9 when using either sharp or smooth low-pass filters. To illustrate,
the blue and orange lines have slopes —2 and —1 respectively. The numerical scheme exhibits spectral convergence
with both sharp and smooth low-pass filters, for both systems.

For the standard, non-Hamiltonian Saint-Venant system (4.1) our numerical results when d = 2 align with the
numerical results when d = 1. That is, the numerical approximation converges with order s for tested initial data in
H?*(27T) as long as 1 + 19 > 0 when using both the smooth and sharp low-pass filters. Figure 5a shows a log-log
plot of the relative error measured in the L?-norm, Eq(Uy) and in the H'-norm, E;(Uy), at time T = 0.1 for
2M = 27,5 =5,...,9and N = |2M /3| with initial data (4.12) with hg = 0.5,u; = —v; = 0.5, u, = —v, = 1 and
s = 2. Analogous results also hold for other values of s (we have tested s = 2.5, 3).

We have not observed any instabilities in the numerical approximation of system (4.1) due to the use of sharp
low-pass filter for any of the initial data we tested satisfying 1 + 19 > 0. Just as in the case of dimension one, we
observe instabilities when violating the non-cavitation assumption 1 + 79 > 0 for the sharp low-pass filter, but not the
smooth low-pass filter, see Figure 6.

For the Hamiltonian Saint-Venant system (4.2), the numerical results are in line with the analysis. Whenever
the hyperbolicity condition 1 + 79 — (u% + v%) > 0 is satisfied, the numerical scheme converges with the expected
rate for both the smooth and the sharp low-pass filter. This is illustrated in Figure 5b for initial data (4.12) with
ho,u; = 0.5, = —0.5,u, = —v, = land s = 2.

We observe instabilities in the numerical approximation of system (4.1) when using the sharp low-pass filter for
initial data violating 1 + 1o — (u2 + v3) > 0 but not 1 + 7o > 0. This is shown in Figure 7. There, we take as
initial data (4.12) with hg = 0.5,u; = 2,1 = —2,s5 = 2,up = —vp = 1. We relate these instabilities to the lack of
well-posedness of the underlying system (4.2) when the hyperbolicity condition 1 + 9 — (ug + v3) > 0 fails; see
Lemma 4.1. The numerical scheme with the smooth low-pass filter does not exhibit instabilities for the tested values
of M, but limited computational power prevents us from testing very large values of M in dimension two.

A Technical tools

The following results are standard, and proofs in the Euclidean space (e.g. [14, Theorem 8.3.1] for product estimates)
straightforwardly adapt to the periodic setting.
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(a) Solution computed with the sharp low-pass filter and (b) Solution computed with the smooth low-pass filter and
2M =29, 2M = 29,
Oouy, 2M=2" Duy, 2M=2"
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(c) Solution computed with the sharp low-pass filter and (d) Solution computed with the smooth low-pass filter and
2M = 210, 2M = 210,

Figure 6: Plots of the second derivative 02w of the numerical solution to (4.1) for d = 2 at time 7' = 0.1, computed
with either the sharp or smooth low-pass filter. The initial data is (4.12) with s = 2, u; = 0.5, v = —0.5,u, = —v, =
1, negative minimial depth hy = —0.1 and N = |2M /3] for 2M = 2° or 2M = 210,
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uy, 2M =2 uy, 2M=2°

(a) Solution computed with the sharp low-pass filter and (b) Solution computed with the smooth low-pass filter and
2M =29, 2M = 29,
uy, 2M=2" luy, 2M=2
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20

(c) Solution computed with the sharp low-pass filter and (d) Solution computed with the smooth low-pass filter and
2M = 210, 2M = 210,

Figure 7: Plots of the second derivative 892cu n of the numerical solution to (4.2) for d = 2 attime 7' = 0.1, computed
with either the sharp or smooth low-pass filter. The initial data is (4.12) with s = 2, u; = 2,v; = —2,u, = —v, = 1,
positive minimal depth hg = 0.5 and N = [2M /3| for 2M = 2% or 2M = 20,
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Proposition A.1 (Continuous embedding). Let s € R, s > d/2 and f € H*((27T)?). Then f € L®((27T)%) and

fle <CO)|fly

Proposition A.2 (Interpolation inequality). Let 51,52 € R and f € H*'((2rT)%) n H*2((2xT)9). Then for any
0<6<1,feHs*+0=92((2xT)?) and

1-0
Hs2"

f

Proposition A.3 (Product estimates). Let sg > d/2,s > —sgand f € H*((2rT)%) () H*((27T)9), g € H*((2rT)4).
Then fg e H*((2xT)?) and
o)

’f‘H051+(170)52 < ’f Hs1

9l <C

He0l9 H5+|f Hs

(s0,5 (’f

If moreover s < s then

(50) |f

Assuming polynomial nonlinearities, the following proposition is a straightforward consequence of product esti-
mates. Extending this result to general (smooth) functions P requires an analysis that is outside of the scope of the
present paper.

Hso

Proposition A.4 (Composition estimates). Let so > d/2,s = —sq, f,g € H*((2nT)?) (" H*((27T)?) and P €
R[X] a polynomial. Then P(f), P(g) € H*((2rT)%) and

Hs < C(P 50, S ’f‘Hmax(sO BEl |g|Hmax(so,s))|f —4g Hs?
<C

Hs PSO’ ’f‘Hg()

Proposition A.5 (Commutator estimates with symbols of order s). Let sg > d/2,s = 0 and A* = (Id —A)*2. Let
fe H3((2rT)Y) N H*o 1 ((2nT)4), g € HS~1((2nT)4) (" H*((27T)?). Then

9lieo + |

|[Asa f]9|L2 < 0(5078)(|f|Hs H50+1|g Hs—l)'

The following result is shown on R? in [8, Lemma 4.5]. It is straightforward to adapt the proof to the periodic
setting.

Proposition A.6 (Commutator estimates with operators of order zero). Let sy > d/2,s > O and G(D) be a
Fourier multiplier with symbol G satisfying |G‘L°0’ [ VG|LOO Cq. Let f € H®*1((2aT)) N H*((27T)%),
g e H*1((27T)%). Then

[G(D), flg g

Remark A.7. Notice that if G is such that |G|, ., || - | VG| ., < Cg, then Gy = G(:/N) satisfies

7 < C(so, 8) Ca ’f‘Hn)ax(so-l—l,S) Hs—1°

|G| pes ||| VGN| 0 < Co

uniformly with respect to N.
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